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PREFACE 


The Miscellaneous [Bzamples at the end of the book 
are, with the exception of the first few, generally of a 
harder type than those in the different chapters 

Any corrections of errors, or hints for improvement 
of the book, will be thankfully received 

S. Ll LONEY. 

Rotaii HoliiOWat CotLEor, 

Egham, Surrst, 

July IQth, 1900, 


PBEFACE TO THE SECOND EDITION. 



OB the second edition the whole book has been 
thoroughly revised An appendix has been added 


in which the position of the centre of pressure in a few 
cases has been found by the use of the Integral Calculus 
To meet the wishes of many correspondents a book of 
' solutions of the examples has been pubbshed 


May IQth, 1004 
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SOME IMPORTANT GEOMETRICAL RESULTS 


Circle. The circumference of a circle of radius r—^nr, 
and its area =7rr® 

[7r=» 3*14159266 .= ^nearly.] 

Cylinder. ) The area of a cylinder, whose height is h and 
the radius of whose base is r, = %-urh, 
and its Tolume = 7rr%. 

Sphere. The area of the surface of a sphere of radius r - 
= 4jrr*, 

and its volume 

The area of the zone of a sphere (i e. of the surface 
of the sphere cut off between two parallel planes) 
= ci rcumference of the sphere x perpendicular dis- 
fepcft hcWccn fh e planes = 2'ir rd 

The o o of this zone bisects the distance between 
the centres of the plane ends 

The volume of a sphere included between two 
parallel planes at distances and from the centre 

= I (»2 - aa) [3a‘ - (oj* + a^ajj + a,®)]. 
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SOME IMPOETANT GEOMETRICAL RESULTS. 


Cone The area of the curved surface of a cone, vhoae 
height IS 1i and the radius of whose base is r, 

= ^ Slant side x Pennieter of the Base 
= irr + V® 

Its volume = ^ Height x Area of the Base 


= i7rr% 





where r^, are the radii of its circular ends^ and d is 
the perpendicular distance between them 


Paraboloid of revolution This is a solid formed by 
the revolntion of a parabola about its axis 

The volume of a portion of it cut off by a plane 
perpendicular to its axis 

= half the cylmder on the same plane base and of the 
same height 


s ^ area of its plane base x its height 



CHAPTER I 


FLUID FRESSUBU 

1. Ik Statics "we have considered the equilihrinm of 
rigid bodies, and we have defined a rigid body aa one the 
particles of vhich always retain the same position with 
respect to one another. A rigid body possesses therefore 
a definite size and shape We have pointed out that there” 
are no such bodies in Nature, but that there are good 
approximations thereto 

In Hydrostatics we consider the equilibrium of such 
bodies as water, oils, and gases. The common distinguish- 
ing property of such bodies is the ease with which their 
portions can be separated from one another. 

If a veiy thin lamina be •pushed edaewava through wate r 
the resistance to its motion is very small, so that the force 
of the nature of friction, ie. along the suHoce of the 
lamina, must be very small There are no fluids in which 
this force quite vanishes, but throughout this book we 
'^hall assume that no such force exists in the fluids with 
which we deal. Such a hypothetical fluid is called a 
perfect flmd, the definition of which may be formally given 
as in the next article 


n. H. 


1 
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HYDROSTATICS 


Perfect Fluid Def A perfect fluid is a sub 
stance such that shape can be altered by any tangential 
force, honevor small, if applied long enough, of which 
portions can be easily separated from the rest of the moss, 
and between difierent portions of which there is no tan- 
gential, t e rubbing, force of the nature of friction The 
difference between a perfect fluid and a water is chiefly 
seen m the case of the motion of the nator, " 

For example, if ne sot wotci i evolving m a cup, the 
frictional resistances between the nater and the cup and 
between different portions of the water soon reduce it to 
rest When water is at rest it practically is equivalent to 
a perfect fluid 

3 Fluids are again subdivided into tivo classes, viz. 
Liquids and Gases 

Liquids are substances such as water and oils They 
are almost entirely incompressible. An mcomprcssible 
body 18 one nhose ioial xohime, te the space it occupies, 
cannot be increased or diminished by the application of 
any force, however great., although any force, however 
small, would change its shape. All hquids are really 
compressible under very great pressure but only to a very 
shght degree For example, a pressure equal to about 
200 tunes that of the atiSosphere will only reduce the 
volume of a quantity of water by a one-hundredth part 
This compressibihty we shall neglect^ and therefore define 
hquids as those fluids which are incompressible. 

Gases, on the other hand, are fluids which can easily be 
made to change their total volume, ie which arei, more or 
less easily, compressible. 

If a child’s air-ball be placed under the receiver of an 
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air-pump, from whicli the air has been excluded, it “will 
increase very much m size H the skin of the air-ball be 
broken, the air -will expand and fill the receiver whatever 
be the size of the latter. 

4. The definitions of a liquid and gas may be formally 
stated as follows 

A' perfect liquid is a fluid tchich is absolutely ineom- 
pressilile 

A gas is a fluid such that a finite quantity of it will, if 
the pressure to which it is subjected be sufficiently diminished, 
expand so as to fill any space however great 

5. The differences between a ngid body, a liquid, and 
a gas may be thus expressed ; 

A perfectly rigid body has a definite size and a definite 
shape 

A perfect liquid bos a definite si/e but no definite shape 

A perfect gas has no definite size and no definite shape 

6 Viscous fluids 2To fluids are perfect Many fluids, 
such as treacle, honey, and tar, offer a consideitible resis- 
tance to forces which tend to alter their shape Such 
fluids, in which the tangential action, or shearing stress, 
between layers in contact cannot be neglected, are called 
nscous fluids 

7. Pressure at a point. Suppose a hole to be made 
in the side of a vessel containing fluid, and that this hole 
is covered by a plate which exactly fits the hole The plate 
will only remain at rest when some external force is apphed 
to it ; the fluid must therefore exert a force on the plate 

Also the fluid can^ by definition, only exert a force 
yerpendicular to ^ch element of area of this plate. 


1—2 
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RYDROSTATIGS 


If tlie force exerted by the fluid on each equal clement 
of area of the plate be the same, the pressure at any point 
of the plate is the force which the fluid exerts on the unit 
of area surrounding that point. 

If, however, the force exerted by the fluid on each 
equal clement of the area of the plate bo not the same, ns 
in the case of the plate C72>, the pressure at any point P of 
this plate IS that force which the fluid would exert on' 
unit of aiea at P, if on this unit of area the pressure vere 
uiiifoiin and the same as it is on an indeflnitely small area 
at P. 



The pressure at any point within the fluid, such as (J, 
is thus obtained Suppose an indefinitely small rigid plate 
placed at Q, so os to contain Q, and let its area bo a square 
feet Imagine all the fluid on one side of this plate 
removed and that, to keep the plate at rest, a force of 
X lbs weight must be applied to it The pressure at the 


)int Q IS then — lbs weight 
a 


8 The tbeoretiool unit of pressnre u, in the foot'ponnd system 
of units, one ponndal per square foot In the o o s system the 
corresponding unit is one dyne per square centimetre 

In practice the pressure at any point of a fluid is not usually 
expressed in poundalt per square foot but in lbs wt per square inch 
The former measure is hovrever the best for theoretical naln nlfttmn 
and may be easily converted into the latter 

Similarly m the o a s system Uie practical measure of a pressure 
IS in grammes 'weight per square centimetre 

It is^Bometimes oonvement to convert a pressure expressed m the 
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foot-pound system into the o o s system The relations between 
the units of the two systems are approximately, ' 

1 inoh=2 Si cms. , I om = 3937 inch 


1 lb =453 6 grammes; 1 grnmmo= 002201 lb. 
Hence a pressure of 1 lb wt per eg. inch 

ssn pressure of 453 G grammes wt per (2 54)* sg oms. ' 




= a pressure of 


453 6 


grammes wt per sq cm 


- (2 64 )* 

a pressure of 70 30 grammoB wt peraq ctou 
' So a pressure of 1 gramme wt per sq om 

= a pressure of 002204 lb wt per ( 3937)* iq mch 


, 002204 . . 

= a pressure of ^ wt per sq inch 

=r a pressure of 0142 lb wt 






9. Transmission of fluid pressure. If any presnire 
hf apphed to the surface of a fluid it is transmitted equally 
to all parts of the fluid 

This proposition may bo proied expcnmontally as 
folloAvs , 

Let fluid bo contained in a vessel of any shape, and 
in tlie vessel let there be holes A, B, C, D . of various sisses, 
which are slopped by tightly biting pistons to which forces 
can be apphed 



Let the areas of these pistons bo a, h, o, d, . square feet, 
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and let the pistons be kept m eqnilibnnm by forces appbed 
to them 

If an additional force p a he applied to A [te an ad- 
ditional pressure of p lbs. wt per unit of area of d] ia 
fomvd that an additional force oi p b lbs wt must be 
applied to one ot p c lbs wt to C7, one oi p d Ib^ wt 
to D, and so on, whatever be the number of pistons 
Hence an additional pressure of p, per unit bf area, 
applied to A causes an additional pressure of p, per unit 
of area, on B, and of the same additional pressure per unit 
of area on each of the other pistons C, 

Hence the pioposition is proved 


The presswre at amy point of a fluid at rest is the 
same in aU directions 


This may be proved experimentally by a modification of 
the experiment of the last article 

Eor suppose any one of the pistons, D, to be sb 
arranged that it may be turned into any other position, 
te so that its piano may be made parallel to the planes oi 
either A, B, or G or be made to take any other position 
whatever It isjound that the apphcation of an additional 
pressure at A, of p per unit of area, produces the same 
additional pressure, of p per unit of area, at D whatever 
be the position that D is made to occupy 

11 The foregoing proposition may be deduced from 
the fundamental fact that the pressure of a fluid is always 
perpendicular to any surface -with which it is in contact 
Consider any portion of fluid in the shape of a tri- 
angular pnsm having its base AGO' A' horizontal, and its 
faces-^J5jB'.4' and its two triangular ends ABC and A'B'C' 
all vertical 
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Iiefc the length AA*f the breadth AGf and the height 
AS be all very small and let P, Q, and P be respectively 
the middle pomts of AA', BB\ and CG\ 


b' 




Let the lengths of A^y AB, and AG be rc, y, and z 
respectively 

Since the edges sc and z are very small the picssuro on 
the face AA'G'G may be consideicd to bo uniform, so that, 
if yi be the pressure on it per unit of area, the foice exerted 
by the fluid’ on it is pnvz and acts at the middle point 
olPB 

So if p' and p" be the pressures per unit of area on 
AA'BB' and BCG'B' respectively, the forces on these ureas 
are p' x ay and p" x x QR acting at the middle points of 
PQ and QR respectively 

If w bo the -weight of the fluid per unit of volume, 
then, since the volume of the pnsm is AA' x area ABG, i e. 
X X the weight of the fluid pnsm is w x ^xyz and acts 
vertically through the centre of gra-vity of the triangle 
PQR 

This weight and the three forces exerted on the faces 
must be .a system of foices in equilibrium, for otherwise 
the prism would move 
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Hence, resolving the forces horizontally, we have 
p' sey=p" XX QR x cos (90“ —R) ~p" x x QR x sm 5 

. =p"xx PQ^p” ay, 

so that p* =p" , . . (1) 

Again, resolving vertically, we have 
pxxz—v}x\xyz=p" XX QR xBm(90“—R) 

=p" X X QR X cos R-=p" XX PR =p" x xz 
. p-p"=w Jy \(2) 

Now let the sides of the pnsm be taken indeiimtely 
small (in which case p, p\ and p" are the pressures at the 
point P in directions perpendicular lospectively to PR, PQ, 
and QR) The quantity w |y now becomes indefinitely 
small, and is therefore negligible 
The equation (2) then becomes 

P-P I 

SO that p=p'=p" 

How the direction of QR is any that we may choose, 
and hence the direction of p", which is perpendicular to 
QR, may be any that we please , hence the pressure of the 
fluid at P IS the same in all directions 

12 Bramah’s or the Hydrostatic Press Bramah’s 
press afibrds a simple example of the transmission of fluid 
pressures. 
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In its simplest shape it .consists of two cylinders ARGD 
and EFGH both containing water, the two cyhnders being 
connected by a tube GG The section of one cylinder is 
very much greater than that of the other 

In each cylinder is a closely fitting water-tight piston, 
the areas of the sections of which are X and x 
j- '-'.To the smaller piston a pressure equal to P lbs wt per 
'bnit of-ats area is applied, so that the total force applied to 
it is 'P. a; lbs wt 

- By Ar t 9 a pressure of P lbs wt per unit of area will 
be transmitted throughout the fluid, so that the thrust 
exerted by the fluid on the piston in the larger cylinder 
wdl be P . X lbs wt 

This latter thrust would support on the upper surface 
of the piston a body whose weight is P.X lbs 
Hence 

weight of the body supported _ P. X _ X 
force applied ~ P. t a? * 

so that the force applied becomes multiplied in the ratio of 
X to a, i e in the ratio of the aieas of tlie two cylinders 
In the above investigation the weights of the two 
pistons have been neglected, and also the difference be- 
tween the levels of the fluid in the two cylinders 

The pressure is usually applied to the smaller piston by 
means of a lei er KLM which can turn freely about its end 
K which IS fixed At M the power is applied, and the 
point L IS attached to the smaller piston by a rigid rod 
TheoretiCAlly we could, by making the small piston 
small enough and the large piston big enough, multiply to 
any extent the force apphed. Practically this multiplica- 
tion is limited by the fact that the sides of the vessel would 
have to be immensely strong to support the pressures that 
would be put upon them. 
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13f Ex If the area of the small piston in a BramaVs Press he 
^ sq inch and that of the large piston he 2 square feet, what weight 
would he supported hy the application of 20 lbs weight to the smallei 
piston t 

The pressure at each point of the fluid in contact mth the small 
piston IS 20 — t e 60 lbs wt per sq inch 

This pressure is (by Art 9) apphed to each square inoh of the 
laiger piston whoso area ia^88"BqnBS^ 

Hence the total thrust exerted on the large piston is ^88 x 60, 
t e 17280 lbs wt , i e 7^ tons wt 

A weight of 7^ tons would therefore be supported by the larger 
piston - ' 

14 Bramali’s Press forms a good example of the 
Principle of Work as enunciated in Statics, Art 200 
Por, since the decrease in the volume of the water in 
the small cylinder is equal to the increase of the water in 
the large cyhnder, it follows that 

. X T=x y, 

where T and y are the respective distances through which 
the large and small pistons move 


Hence 


sc 


, force exerted by large piston _X _y 
force exerted by small piston ~ x ~ Y' 
force exerted by large piston x Y 
= force exerted by small piston x y, 
i e the work done by the large piston is the same os that 
done on the small piston 

Hence the Principle of Work holds 


15 Safety Valve The safety valve affords another 
example of the pressure exerted by fluids In the case of 
a boiler with steam inside it, the pressure of the steam 
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might often become too great for the strength of the boiler, 
and there would be danger of its bursting The use of the 
safety valve is to allow the steam to escape when the 
pressure is greater than what is considered to be safe 
In one of its forms it consists of a circular hole D m 
the side of the boiler into which there fits a plug. This 
-13 attached at jB to an arm ABC, one end of which, 



A, is jointed to a fixed part of the machine The arm 
ABC can t>irn about A and at the other end G can be 
attached whatever weights are desired. 

It is clear that the pressure of the steam and the 
weight at G tend to turn the arm in different directions 
When the moment of the pressure of the steam about A is 
greater than the moment of the weight at G, the plug D will 
nse and allow steam to escape thus reducing the pressure 

El other valves there is no lever A3G and the plug is 
replaced by a circular valve, which is weighted and which 
can turn about a pomt m its circumference 

Ex The arms of the lever of a safety valve are 1 inch and 
18 inches and at the end of the longer arm is hung a weight of 20 lbs 
If the area of the valve be square inches, what is the maximum 
pressure of the steam which is allowed t 

If p lbs. vrt per square inch be the required pressure, the total 
force exerted on the tbIto bj the Bteam=j> x lbs 'wt 

When the valTe is just about to nse the two forces ^ and 20 lbs 

2 

wt balance at the ends of arms 1 and 18 inches. 

Hence ^x 1=20x18. 

O 2 

p=240 lbs wt. 
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EXAMPLES. I. 

1, In a Bramah’s Fross tho diameters of the largo and small 
piston are respectiToly 2^ decimetres and 2 centimetres , a kilogram 
IB placed on the top of the small piston , find the moss rrhich it will 
support on tho large piston 

2, In a Bramah’s Press the area of the larger piston is lOp s^nnro 
inches and that of tho smaller one is ^ sqnnrc inch , find tho force 
that mast be applied to tho latter so Qiat the former maj lifti ton 

r 

3, A water cistern, which is fall of water and closed, can just 
bear a pressure of ^1500 lbs wt per square foot withont burstmg ^ 

If a pipe, whose section is 4 square inch, eommnnicnte with it 
and bo filled with water, find (lie greatest weight that can safely bo 
placed on a piston fitting tins pipe 

4, In a Bramah’s Press if a tlimst of 1 ton wt bo prodneed by 
a power eqnal to 5 lbs wt and the diometers of tho pistons bo in the 
ratio of 8 to 1, find the ratio of tho lengths of the arms of tho lever 
employed to work the piston 

5 In a hydraulic press the radii of tho cylinders arc 3 inches 
and 6 feet respectively The power is applied at the end of a lover 
whose length is 2 feet, the piston being attached at a distance of 
2 inches from tho fulcrum If n body weighing 10 tons be placed upon 
the large piston, find the power that must bo applied to the lever 

If the materials of the press wiU only bear a pressure of loO lbs 
wt to the square inch, find what is tho greatest woight that can bo 
hfted 

^6 A vessel full of water is fitted with a tight cork How is it 
mat a slight blow on the cork may be sufilcicnt to break tho vessel? 

7 The aims of the lever of a safety valve are of lengths 2 mchei, 
and 2 feet, and at tho end of tho longer arm is suspended a weight of 
12 lbs If the area of the valve bo 1 square mob, what is the pressure 
of the steam m the boiler when tho volve is raised? 

8 Fmd the pressure of steam m a boiler when it just sufficient 
to raise a circular safety valve which has a diameter of ^ inch and 
IB loaded so as to weigh ^ lb 

9 The weight of the safety-valve of a steam boiler is 10 lbs and 
its section is ^ of a square mch Find tho pressnro of the steam 4 n 
tho boiler that will just lift tho safety-valve 
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CHAPTER n. 

DENSITY &.ND SPECIFIC ■QRA.VITY. 

16. Density Def The density of a homogeneous 
body is the mass of a unit volume of the body. 

.The mass of a cubic foot of pure water at 4“ C. is found 
to be about 1000 ozs , t c 621 lbs Hence the density of 
water is 62^ lbs per cubic foot 

A gramme is the mass of the water at which would 
fill a cubic ceiitimetie Hence the density of water at 4* C 
IS one gramme per cubic centimetre 

The reason why a certain temperature is taken «bon we define 
a gramme is that the volume of a gi\en mass of water alters with the 
tempemture of the water If we take a given mass (say 1 lb ) of 
water and cool it gradually from the boiling point 100° 0. [t e 212° P ], 
it IS found to occupy less and less space until the temperature is 
reduced to 4° C [about 89 2° F ] If tho temperature be continually 
lowered still further the volume occupied by tho pound of water is 
now found to increase until the water arrives at its freezing point 
Hence the pound of water occupies less space at 4° 0. than at any 
other temperature, 

t e there is more water in a given volume at 4° 0 than at any 
other temperature, 

i.e the density is greatest at 4° 0 

The mass of a cubic foot of mercury is found to be 
13 696 times that of a cubic foot of water Hence the 
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density of mercury is nearly 13 596 x 62^ lbs per cubic 
foot 

If we use centimetre gramme units the density of 
mercury is 13 596 grammes per cubic centimetre 




17. It IS sometimes convenient to be able to convert' * 
densities expressed in the foot-pound system into t^e c G s. 
system, and conversely 

As in Art 8 we have [ 

1 foot = 30 48 centimetres, 1 cm = 0328 h> 

1 lb = 453 6 grammes , 1 gramme = 002204 lb 

Hence a density of 1 lb per cubic foot 

= a density of 453 6 grammes per (30 48)* cubic cms 

.1 * « ^53 6 * 

= a density of ^§^8 grammes per cub cm 

= 01602 grammes per cub cm approx 

^ So a density of 1 gramme per cub ora 

= a density of 002204 lb. per ( 0328)® cub ft, 

, . -002204,, , 

= a density of ^ q3 ' 28 )« P®*" 

= a density of 62 4 lbs per cub ft appiox. 


18 IfWhe the wetgM of a given substance in poundats, 
p its density in lbs per cubic foot, F its volume in cubic feet, 
and g the acceletation due to gtavtty measured in fool-second 
units, then W—gpY 

For, if M be the mass of the substance, we have by 
Dynamics, Art 68, 

W = Mg 

Also if = mass of V cubic feet of the substance 
= F X mass of one cubic foot , 

= F p 
.* W^gpV. 
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A similar relation is true if TT be expressed in dynes, 
p in grammes per cubic centimetre, V m cubic centimetres, 
and a in centimetre-second units “jf 

j 

19. Specific Gravity. Def. The specific gramt^\ 
of a given substance is the ratio of the weight of any volume 
of^ta^substance to the weight of an equal volume of the 
standard 'substance 

Thus a specific gravity is always a number 

[JN B / The term specific giavity is generally shortened 

JTor convenience the standard substance usually taken 
IS pure water at a temperature of 4" C 

Smce the weight of a cubic foot of mercury is found to 
be 13 396 tunes that of a cubic foot of water, the specific 
gravity of mercury is the number 13 696 

"When we say that the specific gravity of gold is 19 25, 
water is the standard substance, and hence we mean that a 
cubic foot of gold would weigh 19 25 tim p-q-n-g nnnf»h pt 
cubic foot of w ater. ■_ 

about 19 25 x 62^ lbs , / 
i e about 1203^ lbs wt ^ 

Smce the weights of bodies are proportional to their 
masses, the specific gravity of a substance may be defined 
as the ratio of the mass of any volume of the substance to 
the mass of an equal volume of the standard substance 


The specific gravity of a substance is also often called 
its “ relative weight ” or its “ relative density.” 

20 Specific gravity of gases Since gases are very light com- 
pared with water, their sp gr is often referred to air at a temperature 
of 0°0 and with the mercury-barometer [Art 96] standing at a 
height of 760 millimetres, % e about 80 inches The mass of a cubic 
foot of air under these conditions is about 1 25 ozs. 
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21 The following table gives the approximate specific 
giavities of some important substances. 


Solids 


Platinum 21 5 
Gk)ld 19 25. 
Lead 11 3 
Silver 10 5 
Copper 8 9 
Brass 8 4 
Iron 7 8 


Glass (Crown) 2 6 to 2*7. 

„ (Hint) 3 0 to 3 
Ivory 1 9 
Oak 7 to 1 0. 

Cedar 6. 

Poplar 4. 

Cork 24 


Liquids at 0* C 

Mercury 13 596 Milk 1 *03 

Sulphuric Acid 1 85 Alcohol 8. 

Glycenne 1 27 Ether 73. 

» 

22 IfWbe the weigkt of a volume Y of a body whose 
specific gravity is s, and w be the weight of a vaixt volume of 
the standai d substance, then W=Y s w 

p weight of a unit volume of the body 

~ weight of a unit Volume of the standard substance 

wt of unit volume of the body = s w 

wt of V units of volume of the body = F « w 

. W = 7 8 w 


Cor If the units used he the o a s system, then 
w = weight of one cubic cm of water = 1 graiome 

Tr= F 8 grammes, that is, in the 0 Q s system the 
weight of a body expressed in grammes is equal to its 
speci&c gravity multiplied by its volume in cubic oms 
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Ex If a cubic foot of water wngh 62^ lbs , what ts the weight of 
4 cub yards of copper, the sp gr. of copper being 8 8? 

Here w=62j Iba. \rt., F=108 cub. ft., and «=8 8. 

7r=108x8 8x62^=s594001bs wt 
=26|^ tons wt 

The word “intrinsic weight" is sometimes used 
Th*e intn^sic •v^eight-of a substance is the weight of a unit 
volume "o^he substance Thus, as m the previous article, 
tbe mtimwc weight = s.w, and then IF = F x the intrinsic 
weight;. OT the substance 

EXAMPLES, n. 

[In aU examples it may be assumed that the weight of a onbio foot 
of water is 62J lbs ] 

1 What js the weight of a oabie foot of iron (sp gr.s9) ? 

2, The sp gr of brass is 6 , what is its density in ounces per 
cubic inch, given that the density of water is 1000 ozs per onbic 
foot? 


3. A gallon of water weighs 10 lbs. and the sp gr. of mercniy is 

13 598 What is the weight of a gallon of mercury? 

* 

4. Find the weight of a litro (a cub decimetre or 1000 onb ems } 
of mercury at the standard temperature when its sp gr is 13 6. 

5. If 13 cub. ins of gold weigh as much as 9G| cub. ms. of gnartz 
and &e sp gr of gold be 19 25, find that of quartz 

6. The sp gr. of gold being 19 25, how many cubic feet of gold 
will weigh a ton? 

7. The sp gr of cast copper is 6 88 and that of copper wire is 
8 79 What change of volume does a lologramme of cast copper 
undergo in being drawn into wire? 

8. If a foot length of iron pipe weigh 64 4 lbs. when the diameter 
of the bore is 4 ins and the thickness of the metal is 1^ ms , what is 
the sp gr. of the iron? 

9. A rod 18 ms. long and of uniform crosS'Section weighs 8 ozs. 
and its sp gr is 8 8. What is the area of its orots-scction ? 


I. H 


2 
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exb. n 


10. A sphere, of radios 45 ozns , weighs 2376 kilogranunes, what 
IS its denmly? [ir=^ ] 


11. What Tolome of oopper (sp gr s8 9) weighs 139 0625 lolo 
grammes? 

12 The mass of 9 oobio feet of metal is 4900 lbs , find its densify 
m grammes per oobio oentimotro 


13. The mass of 45 oobio metres of wood is 36000 kilo^mmes, 
find its density in lbs per oobio foot f 

14 The sp gr of an imperfect metal oastmg is fomd to b* 0*8 ; 
if the proper sp gr of the castmg is 7 5, how mnoh per {cent of it ii 
not occopied by metal ? S 

24 Specific gravities and densities of mixtnres- 
To find the specific gravity of a mvxture of given volumes oj 
different substances whose specific gravities are given 

Let F,, Fj, Fi be the roluines of ihe different 
substances, and «i, s, . their specific gravities, so that 
the weights of the difierent snbstances are, by Art 22, 

•FjSiW, YaSgW, YsSsW, . 

where w is the weight of a unit volume of the standard 
substance. 


(1) When the substances are mixed let there be no 
diminution of volume, so that the final volume is 

F, + ‘Fa+F,+ . 

Let s be the new specific gravity, so that the sum of 
the weights of the substances is 

(Fi+Fa+F.-f- )s w 

Since the sum of the weights must be unaltered, we 
have 


[Fi+Fj+Fj-f ]s ai= YiSiW+ Y3S3W+ FiSato+.. 

t -_YiSi+ Y3S3+ YgS3+ ' 

’ * Fj+Fj+F,*?- .. ’* 
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(2) When there la a loss of volume on mixing the 
substances together, as sometimes happens, let the final 
volume be n times the sum of the origmal volumes, where 
» IS a proper fraction 


this case we have 
, ^1^1+ ^a+ ^^ 1 + FiS,w+ Fs8a«>+ •••» 

. IFgSg + .. 


’A 

- ''J 


■«(F+F,+ . )• 


so that 

, ' ' Simimr formulse will hold if the densities instead of 
'^ia<-ephcifio gravities be given. For the original specific 
gravities s,, Sj, . we must substitute the original densities 
pu Pi, . and for the final specific gravity s we must 
substitute the final density p 


‘ Ex. Volumes proporitonal to the numbers 1, 2 and 8 of three liquids 
whose sp grs are proportional to 1 2, 1 4 and 1 6 are mixed together, 
find the sp gr. of the mixture 

Let tbo volumes of the liquids he x, 2x, and 6x 

Their weights are therefore 

wx X 1 2, '2wx X 1 4, and 3wx x 1 C. 

Also, if 5 bo the sp gr of tbo mixture, the total weight is 
tt5(ar+2x+3i) 

Equating those two, wo have 

6ws.x=wx X 8 8 
.• 8=^x8 8=146. 

25 To find the specific gravity of a miottwre of given, 
vmghts of different substances whose specfic gravities are 
given 

Let Wi, TFj, . be "the weights of the given substances, 
*11 *ai specific gravities, and w the weight of a unit 

volume of the standard substance 


2—2 
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By Art 22, the Tolumes of the diSereni substances are 

ITa r, 

Sjto’ S 3 W* *"* 

If no loss of volnme takes place Trlien the mirfure is 
made, the new 'volume is — + !-. . 

SjtP SgtC 

Hence, if s be the new qxjoific gravity, tlu^sum'of tlie 
weights of the substances is, by Art 22, 


/JTi r* \. 

{—i Ism, 

\Si«o ^10 / 


t e. 


\ »i Si J 


Hence, since the sum of the weights necessarily remains 
the same, we have 


so that 


_ IT. 


Wj 

— + — =+... 

«i Sa 


If there be a contraction of volnme so that the final 
volnme is n tames the sum of the original volumes, then, as 
in the lost article, we have 

IT, J- TT, . 

Ssz 1 i 


L«i «, J 


A similar formula gives the final density in terms of 
the weights and the original densities. 


Ex. 10 lbs vt a hqwd, #p gr 1 25, u rttxed Kith 6 lbs vt 
of a liquid of sp gr 1*15 What « the rp gr of the mixture f 
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If w be the weight of a oubio foot of water the respeotiye volumes 
of the two fluids are, by Art. 22, 

10 , 6 


and 


cub. ft. 


1 25xw “ 1 16xtt 
Hence, if S be the reqmred sp gr., we have 

^ ?.«>=total weight=10+6. 
\126x«7 116XW/ 


.-.*[ 8 + 


120 


23 J 


1 = 16. 


-_ 16x23 _23 , 

804 “19“^^^®®* 


EXAMPLES. IlL 


1. The sp gr of a liquid being 8, in what proportion must water 
be nused with it to give a liquid of sp gr 85 ? 

2. 12 lbs wt. of a hquid, of sp gr 1 1, is mixed with 20 lbs of 
a liquid, of sp gr. 9 , what is the sp gr of the mixture? 

3. If a volume of 39 cub cms of a liquid of density 9 grammes 
per cub cm be mixed with 51 cub cms of a liquid or density 
75 grammes per cub cm., what is the density of the resultmg 
mixture? 

4. How much water must be added to 27 ozs of a salt solution 
whose sp. gr is 1 08 so that the sp gr of the mixture may be 1 06? 

5. TTbat IS the volume of a mass of wood of sp gr 6 so that 
when attached to 500 ozs of iron of sp. gr. 7, the mean sp gr. of the 
whole may be nmty? 

6. An alloy is composed of zmo and copper whose specific 
gravities are respectively 7 and 6 9, if the alloy is of volume 
452 cub cms and mass 3373 grammes, what is the volume of 
each component of the alloy? 

7. Three equal vessels. A, B, and O, are half full of hquids of 
densities Pi, pa, and p, respectively. If now B be filled from A and 
then 0 from H, find the density nf the liquid now contained m G, the 
hqmds bemg supposed to mix completely. 
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£x8.m 


8 When equal volumes of hvo sobstances oro mixed tho sp gr 
of the mixtuFO is 4, when equal weights of tho same substances 
arc mixed tho sp gr of tho mixture is 8 Pind tho sp gr of the 
Bubstauces 


/ 


9 When equal volumes of alcohol (sp gr s= 8) and distilled water 
are mixed together tho volume of tho mixture (after it has returned 
to its ongmol temperature) is found to fall short of the sum'^'' 
tho volumes of its constituents by 4 per cent Find tho^. gr of 
the mixture j 

r ' t 

10, A mixture is made of 7 cub oms of solphurlcl , l. 

(sp gr.sl 843) and 8 cub ctns of distilled water aqd its 
when cold is found to bo 1 G15 What contraction hasAakcu phluift 

11, Tho mixthro of a quantity of a liquid A with n los^^^of B hUs 
a sp gr s, with 2 r lbs of F a sp gr s', with 3 r lbs of F n 
find equations to detenmue the ^oifio giavities, Sj and Sj, oT 
and B, 
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CHAPTEB in. 

>RRESSUKES} AT DIFIERENT POINTS OF A HOMOGENEOUS 
- J 

FLUID WHICH IS AT REST 

26 A FLUID IS said to be homogeneous when, if any 
equal volumes, however small, be taken from different 
portions of the fluid, the masses of all these equal volumes 
are equal ^ 

^27. The, pressure of a heavy homogeneous fluid at all 
points vn the same horizontal pla/rn is the same 

Take two points of a fluid, F and Q, which are in the 
same horizontal plane 

Join PQ, and consider a small portion of the fluid 
whose shape is a veiy thin cylinder having PQ as its axis 



The only forces acting on this cylinder in the direction 
of the axis PQ are the two pressures on the plane ends of 
the cylmder 

[For all the other forces acting on this cylmder are peipendionlar 
to PQ, and therefore have no effect in the direction PQ ] 
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Hence, for equilibrium, these pressures must be equal 
and opposite 

Let the plane ends of this cylinder be taken very small, 
so that the pressures on them per umt of area may be 
taken to be constant and equal respectively to the pyessures^ 
at jP and Q 

Hence pressure at jP x area of the plane end at 
= pressure at Q x area of the plane end at 
pressure at P= pressure at Q 
v/. 


28 To find, the presswre at any given depth of srhei 
homogeneous liquid, the pressure of the atmosphere being 
neglect^ 


Take any pomt P in the liquid, and draw a vertical 
line PA to meet the surface of the hqmd in the point A 

Consider a very thin cyhnder of liquid whose axis is 
PA This cyhnder is in equihbnum under the forces 
which act upon it 



The only ve rtical force 8_actan|g on i t ar e its igfii grht and 
the force exerted by the rest of the fluid upon the plane 
face at P 

If a be the area of the plane face and « the depth AP, 
the weight of this small cylmder of hquid is x a x 
where w is the mtrinsio weight of the hquid. 
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Also the vertical force exerted on the plane end at P le 
p X o, where p is the pressure at P per unit of area 


Hence 


p.a=to a. as. 
/ 


Cor^^ince the pressure at any point of a liquid^ 
dgpends oniy on the depth of the point, the necessary 
stren^h of tVe emhai^inent^of ,a reservoir depends only 
on the depth 'of the water and ^ot at all on the area of the 
suifacc of the water.^ ' 


• — 


In the above expression for the pressure care ' 
must be taken as to the umts in which the quantities are ' 
measured If Bntish units bo used, a is the depth in feet, i 
to is the weight of a cubic foot of tho hquid, and p is the! 
pressure expressed in lbs wt per square foot 


If 0 o 8 units be used, x is tho depth in centimetres, I 
to is the weight of a cubic centimetre of the liquid, and p ^ 
is the piessuro expressed in grammes weight per squaio 
ccntimccie. If the liquid bo w'ator, it should be noted that 
w equals tho weight of one gramme [Art. 16.] 


30. The thcoiem of Art 28 may bo voriBed ovpeii- 
montally PQ is a hollow cylinder one end of which Q is 
closed by a thin light Bat disc which fits tightly against 
this end. 

Tho cyhnder and disc are then pushed into the water, 
tho cylinder remaining always in a vertical position. The 
disc does not fall, being supported by tlio pressure of the 
water. 


Into the upper end of tho cylinder water is now poured 
very slowly and carefully Tho disc is not found to fall 
until tho water insido the cylinder stands at very nearly 
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the same height as it does outside, and, the less the weight 
of the disc, the more nearly are these heights the same 



If h be the depth of the pomt Q, and A be tbe ^rea ot 
the cylinder, the pressure on Q of the external fluid must 
balance the weight of the internal fluid, and this weight is 
A hxw, i.e Ax wh Hence the external pressure at Q 
per unit of area must he wh 

In Art 28 we have neglected the pressure of 
the atmosphere, i e we have assumed the pressure at ^1 to 
he zero 

If this pressure be taken into consideration and denoted 
by n, the equation of that article should be 
p a = w a. x + n.a, 
ie p=tox+'n. 

The pressure of the atmosphere is roughly equal to 
about 15 lbs wt per sq inch [This pressure is often 
called “15 lbs per square inch”] 

Instead of giving the atmospheric pressure in lbs wt 
per sq inch it is often expressed by saying that it is the 
same as that of a column water, or mercury, of a given 
height 

This, as we shall see in Chapter YII , la the same as 
telling us the height of the barometer made of that liquid 
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example, if we are told that the height of the water- 
barometer is 34 feet, we know that the pressure of the 
atmosphere per sguare ybot= weight of a column of watei 
whose base is a square foot and whose height is 34 feet 
‘ wt of 34 cubic feet of water 


■v = 34 X 62^ lbs -wt. 

‘'Hence the\ressure of the atmosphere per square mch 


34 X 624 ^ 

=-^^lb3 wt 


= 14^^ lbs wt 

'""ifieTsame fact is often expiessed by saying that the 
piessure is that due to a “head” of 34 feet of water 
An imaginary horizontal surface at a height above 
EC^ [Eig, Art‘ '28] equal to the height of the watei - 
barometer is often called the Effective Surfdce /The 
pressure at any pomt in water is then proportional to the 
depth below the Effective Surface^ 


Ex 1 Find ike pressure tn water at a depth of 222 feet, the height 
of the water-barometer being Sifeet 

If tp be the wei^t of s cabio foot of water, we have 
n=w.341bB wt 


pssll-hwhssw 3i+w, 222=256 w per aq ft. 

=256x6^ lbs wt persq ft 

16000 , , 
lbs. wt per sq inch 


=111^ lbs wt per sq moh 

Ex. 2 Find the pressure at a depth of 10 metres in water, the 
pressure of the atmosphere being equal to that of a head of mercury 
gr =13 6) of 760 millimetres 

Here n=pres6ure of the atmosphere per sq. om.=wt of a «nlnmT» 
of 76 cms height=wt of 76 cab cms of nieronx7=76 x 13 6 grammes 

P=n+wxl000=(76xl3 6+1000) grammes wtjger sq cm , 
since 10 = weight of 1 cub cm of water=l gramme 

. p=2033 6 grammes per sq om 
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32. The swr/aee of a heavy liquid at rest is honxontal 



Then, by Art 27, the pressure at P 


= the pressure at Q 

Hence, Ijy Art 31, H + w PA = II + w QB, 

PA^QB 

Hence, since PQ is horizontal, the line AB must bi 
horizontal also 

Since P and Q are any two points in the same honzonta 
hne, it follows that any hne AB drawn m the surhice o: 
the liquid must be horizontal also 

Hence the surface is a horizontal plane 

33 In the precedmg proofs we have assumed that 
the weights of different portions of the fluids act vertically 
downwards in parallel directions This assumption, as was 
pomted out m Statics, Art 96, is only true when the body 
spoken of is small compaied with the size of the earth. 

If the body be comparable with the earth in size we 
cannot neglect the fact tliat^ strictly speaking, the weights 
of the different portions of the body do not act in parallel 
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Iin.es, but Along lines directed toward the centre of the 
earth. 


The theorem of the preceding article would not there- 
fore-apply_tp thejsurface of the sea, even if the ktter were 
rest. 

34. Th^^roposition of Art. 27 can be proved for 
the" case when. It is impossible to connect the two points by 
a horizontal line which hes wholly within the fluid. 



For the two points P and Q can be connected by 
vertical and horizontal hnes such as PA, AE, and in 
the figure 

We then hare 

pressure at A = pressure at R 
But pressure at A = pressure at P+w. AP, 
and pressure at P = pressure at Q + to. BQ. 

But, since P and <3 ore in the same horizontal plane, 
AP^BQ 

Hence the pressure, at P= pressure at Q. 

Similarly the proposition is true for any two points at 
the same level 

Thus, if P be at the same level as P, and vertical and 
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honzontal lines be drawn as in the figure, we have pressure 

at jB s= pressure at jP + PA-w GD—w EF 

^ + to, GH + to KL — to MR 

s pressure at P, 

since GD->rEF->rMR=AP-¥HG-^LK 

Hence the surface of the fluid will alwa 
same level provided the fluid be at rest « . 

For example, the level of the tea inside f^apot* 
the spout of the teapot is always at tlie same wifrht 

35 The statement that the surface of a liquid at rest 
IS a 'horizontal plane is sometimes expicssed in the form 
“water finds its own level” 


It IS this property of a liquid which enables water to be 
supplied to a town A reservoir is constructed on some 
elevation which is higher than any pait of the district to be 
supplied Mam pipes starting from the reservoir are laid 
along the chief roads, and smaller pipes branch off from 
these mams to the houses to be supplied If the whole of^ 
the water in the reservoir and pipes be at rest, the surface 
of the water would, if it were possible, be at the same level 
m the pipes as it is in the reservoir The mains and side- 
pipes may rise and fall, in whatever manner is convement, 
provided that no portion of such mam pipe is higher than 
the surface of the water m the reservoir 


36 It follows from the previous article that the 
pressure at any pomt of the base of a vessel containmg 
liquid does not depend on the shape of the vessel, but 
only on the depth of the hqmd 

Thus suppose we have four vessels as m the figure, of 
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diSsenr sZisp^ ccc ct ths sene iisgut, a^d I=* wS3s a_ 
■fae fiE-ed -KTiter- 



The prisi£r!s tbst tbe pressure at anj roizs is dae 
to the depzh c£ the pcizt bdo” the szrrace c£ the lirad is 
also eie^pliSed hr the Hydrostaiic B^ovrs. 4. leathe 
c-dZo-s^s -1 has attached to it s tzoe BO. ard ca the £tce c 
the beHows is pZarsd a •^^ei^ht- W. Water is feared ia*o 



the tabs at (7 aad &s sreight: is raised. Let JT he the area 
or the pottioa cz the epper heard ot the hea-rsa in contact 


»»* 
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•Witt the -water If the height of the top of the water m 
the tube above ^ be s, there is a pressure xw exerted on 
each unit of area of X [Art. 28 ] Thus the total force 
on the upper face of the bellows is Xano If this be 
greater than the weight IT, the latter is raised , the ITT 
the water in the tube is thus diminished until quantif"* 
Xxw IS just equal to W, and then there is '? 


This experiment is sometimes kno•^m as 
Parados 



v/37. To find the pressure at any given in ' “ 
lower of two given heavy homogeneous liquids, which ao not 


mix 


Let 10 and w' be the specific weights of the lower and 
upper hquids respectively. 

Let P be any point in the lower hquid [Fig , Art 38 ] 
Draw a vertical hpe to meet the surface of separation of 
the two hquids m A, and the upper surface of the upper 
liquid in A' 

As in Art 28, consider a very thin cylinder whose axis 
IS PAA' and the area of whose cross-section is a. 


Then, if p be the pressure at P per umt of area, we 
have 


p a=w a + a X the pressure at A 


= w a PA+axio' AA’. 


p = w PA+w' AA'=w h+tdh% 
where h' is the thickness of the upper stratum and h is the 
depth of the pomt considered below the common surface of 
the two hqmda * 

'•^38 The common surface of two heavy homogeneous 
hquids, which do not mix, is a horizontal plane. 
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]>tP and Q be any two points in the lower liquid, the 
straight line joining which ds horizontal. 



Let Wy v/ be as in the last article Draw PAA\ QBB* 
vertically to meet the common surface in A and B, and the 
surface of the upper liquid in A‘ and B\ 

« 

Since FQ is horizontal, 

the pressure at P=the pressure at Q. (Art 27 ) 
w FA+w’ A A ' =^10 QB+v/.BB\ (Art 37) 
\w{FA’-AA') + w' AA'^w{QB'-BB')+v/ BF (1). 

But FQ is honzontal, and A'B' is horizontal, by 
Art 32, 

FA’=QB’. 

(1) becomes («</ — w ) . AA" —(w'—w) BB\ 

AA'=BB'. 

AB IS parallel to A'F^ 
and IS therefore horizontal 

- Hence the straight line joining any two points on the 
ccmmon surface is honzontal, and thus the common surface 
is honzontal. 


T. H 


8 
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EXAMPLES IV. 


1, If a onbio foot of water weigh 1000 ozs , what is the pressure 
per sq inch at the depth of a mile below the surface of the water 7 


2 Pmd the depth m water at which the pressure is 
per sq m(di, assummg the atmospheric pressure to be 
sq inch ^ 

3 The sp gr of a certam flmd is 1 56 aud ' 
pomt in the flmd is 12090 ozs , find the depth of 
bemg the unit of length 




4 The pressure in the water-pipe at the basement c ' • 

IS 34 lbs wt to the sq mch and at the third fioor it is 18 
the sq inch Pmd the height of this fioor above the basement 


5, If the atmospheric pressure be 14 lbs wt per sq in and the 
sp gr of air be 00125, find the height of a column of air of the same 
uniform density which will produce the same pressure as the actual 

atmosphere produces 

• 

* ' 6. If the force exerted by the atmosphere on a plane area bo 
equal to that of a column of water 34 feet high, find the force 
exerted by the atmosphere on one side of a window-pane 16 mches 
high and one foot wide. 

«7 The pressure at the bottom of a well is fonrlimes that at a 
depth of 2 feet , what is the depth of the well if the pressure of the 
atmosphere be equivalent to that of 30 feet of water? 

8 If the height of the water-barometer be 34 ft , find the depth 
of a pomt below &e surface of water such that the pressure at it may 
be twice the pressure at a pomt 10 ft below the surfoce ^ 


0 If the preasare at a pomt 5 feet bdow the surface of a lake be 
one-half of the pressure at a pomt 44 feet below the surface, what 
must be the atmospheric pressure m lbs. wt per sq m(di7 

\ 10. Find the pressure m tons per sq yard at a depth of 10 fathoms 
m the sea, assummg the Q) gr of sea- water to be 1 026 and th&t a " 
cubic foot of fresh water weighs 62|^ lbs ' 

■"'ll. The sp gr. of mercury is 13 596 , at what depth m mercury 
will the pressure be equal to that at a depth of 500 metres m water? 


12 At what depth m mercury (sp gr s 13 596) will the pressure 
be equal to a kilogramme weight per sq cm f 



EXAMPLES. 


35 


13, The meronnal barometer stands at 750 mm. and a onbio cm. 
of meronry -weighs 13 6 grammes , a sqnare yalTe, the length of whose 
side IS one decimetre, doses an exhausted receiver, find approximately 
m grammes’ weight the force that must be applied to its centre to 
open it. 


M, If the pressnre of the atmosphere be 15 lbs wt per sq mdi, 
and &e weight of a cubic foot of water be 62J lbs , find the pressnre 
per sq inch at a depth of (1) 10 feet, (2) one mile, below the surface 
of the water 

Vis. A. vessel whose bottom is horizontal contams mercury whose 
depth IB 30 inches and water fioats on the mercury to a depth of 24 
inches , find the pressure at a pomi on the bottom of the vessel in 
lbs wt per sq mch, the sp gr of mercury being 13 6. 

'^*16. A vessd IS partly filled with water and then oil is poured in 
tdlit forms a layer 6 inches deep , find the pressure per sq inch dne 
to tile weight of the hqnids at a pomt 8 5 inches bdow the upper 
surface of the oil, assummg the sp gr of the oil to be 92 and the 
weight of a cubic mch of water to be 252 grams. 

'' 17. A vessel contams water and mercury, the depth of the wafer 

bemg two feet It bemg given that the sp gr of mercury is 13 588 
and that the mass of a cubic foot of water is 1000 ozs , find, m lbs. 
wt per sq inch, the pressure at a depth of two mches below the com* 
mon surface of the water and mercury. 

18. The lower ends of two vertical tubes, whose cross sectioijl^ 
are 1 and 1 sq mches respectively, are cdSnected by a tube The 
tube contams mercury of sp gr IS 696 How much water must be 
poured mto the larger tube to raise the levd m the sm^er tube by 
one inch? 

-s' ✓ 

^ ;^9. -4 amall uniform tule m bent into the form of a circle, whose 
▼ plane le vertical; ejutal quantities of fluids , whose densities are p and a, 
fill half of the tube, sliew that the radius passing through the common 
surface makes with the vertical an angle 

tan-i£^. 

^ Let A, B be the highest and lowest points of the hquids, so that 
AB goes throng the centre 0 , the pomt O where the hquids join is 

therefore such that / .40(7= zBOG=90'’ <^5-*— 

Draw AL, BM, CN perpendicular to the vertical diameter of which 
D IB the lowest point 

By Art 28, considering the fiuid BB, we have the pressure at 
D=/no DM. 
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Also, considcnng tlio fluid DGA, the pressure at D 

—pv) DAT+prossure at C=pio DN+mo NL.^ 



‘ p DM=p Dif+<r, NL, 
io. p NM=a NL, 

1 e p [cos 0 - cos (90® - fl)]=<r [cos 0 + cos (90® - 0)], 
10 /i(cos0-8m0)=a-(coB0H-siu0y, 


I e 


tan Ss=-— 

\^20 ^ ciroular lube in a vertical plane contains a column of . 

Hqnid, of density p, \Tliich subtends a ngbt angle at tbo centre and n'^ 
column, of density <r, subtending an angle a Prove tbat tbo radius 
through the common surface makes with tbo vertical an angle 

_ . ,p-<r+(rcosa 

A . tan“i t- . 

^ p+ffBina 

21 In the lower half of a uniform circular tube one q^nadrant is > 
occupied by a bquid of density 2p and the other by two liquids, whidi 
do not mix, of densities 3/> and p , prove that the volume of tbo lower 
of latter liquids is twice that of the other 


A ciroular tube of fine uniform bore is half filled with equal 
volumes of four liquids, which do not mix and whoso densities are ns J 
1 4 8 7, and is held with its plane vertical , shew that the diameter 
joining the free surfaces makes an angle tan~^ 2 with the vertical 


23 n liquids ore arranged in strata of cqnal thickness A, the 
density of the uppermost bemg p, that of the next 2/>, and so on, thati^ 
of the lowest bemg np, find the pressure at the lowest point of 
the Jowfest str-* — 


24 In a heterogeneous flmd where the density at depth x is 
^ , show that the pressure there is 


n+i 


2a 
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^39. Wliole Pressure. Def. If'- for every small 
element of area of a material mrfaee vmmetsed %n fluid 
the pressure perpendicular to this small element be found, 
the sum of all such pressures is called the whole pressure of 
the fluid ujyon the giicn surface 

If this surface bo a plane surface, the whole pressure is 
easily seen to be equal to the resultant force, oi thrust, 
acting on it By the following theorem it ^nll be shown 
]ipWa.t his thrust may be calculated. 

^ ^Theorem. If a plane surface he immersed in a liquid, , 
the whole pressure or thrust on it is equal to wS ^ wherej 
S IS the area of the plane surface and i is the depth of its I 
centre of gravity below the surface of the liquid, the j» essur^^i 
of the air being neglected 

’ For consider any plane area, horizontal or inclined to 
the horizon, which is immersed in the liquid. 



Consider any small element o, of the plane surface 
situ^d ^t, A draw PA vertical to meet the surface 
ofJ^t’nirTquid in A, and let PA be Zj 

The pi assure on this small area is therefore wa^Zi.^ 

■^(Art 28 ) ^ 

Similarly if og, Og, be any othet elements of the plane' 
surface whose depths are Zj, Sg . the pressures on them are 
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Hence the resultant thrust 

= w\aiZi'¥a^ + .... ] \Stat^c8^AIt 55 
But, if 5 be the depth of the centre of gravity of the 
given plane area, we have, as in Statics, Art 111, 

— + • •• 

fl»— ' • 

aj + tu + . 

, ajUj + 02^^ + =5 (tti + 03+ ) = 2 : b 

Hence the resultant thiast=?oz S^^ea, of the rarface^ 
multiplied by the piessure at iti centre of grants, ‘i- 
t e the resultant thrust is equal to the weight of a 
column of liqui^yhose.base_is_dqual t o the araa of the 
giyen.plalle'suiface, and whose height is equal to the depth 
below th^^^aice of the liquid of the centre of granty of 
the given plane suiface 


40 If the pressuie of the air is not to be neglected, 
we must understand by 5 the depth of the centre of gravity 
below the " effective surface,” t e below a surface at a 
height /i above the surface of the hqmd, w’here A is the 
height of the barometer made of that liquid 

If the pressure of the atmosphere is given os n pei 
nmt of area, the part of the thrust on S due to the 
atmosphere is n jS' 

* 

41 If the surface considered be not plane, hut be any 
curved surface, the whole pressure is still given by the 
formula of Art 39, and the pi oof is exactly as m that 
article 


In the case of a curxed__surfape, however, the whole 
pressure has no physical meaning whatever, and thus its 
calculation serves no useful purpose. T he student must 
carefully iwtice that,_m the c^e of a curved surface, the 
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f whole_ pressu re .is .. not the resultant . thrusJb_on Jfche .curyed 
\surfac e^‘We shall see how to obtain this lesultant thrust 
Tiir&e next chapter. 


v/4a. Ex 1 A square plate, whose edge ts 8 inches, w immersed in 
sea-water, its upper edge being haruontal and at a depth of 12 inches 
below the surface of the water Find the thrust of the water on the 
surface of the plate when it is inclined at 45° to the horizon, the mass 
of -a evibie foot of sea-water being 64 lbs 

The depth of the cenfae of gravity of the plate 

^ =12+4cos45°={12+2^/2) mches=^^^^ ft. 

^ / 2 \® 

Also the area of the pIato=(gj sq ft. 

, Hence the tbmst 

-lx ^^5^x64 lbs \rt 
=35 149 lbs vrt nearly 


2 A hollow cone stands with its ba^e on a horizontal table 
The area of the base is 100 sg inches and the height of the cone i< 
8 M tncbe; and it is filled with water Find the thrust on the base 
of the cone and its ratio to the weight of the water in the cone. 

The thrusts vvt of 100 x 8 64 cubic inches of water 
— X 1000 028 wtsSOOozs yrt. 

=31 25 lbs wt 

Bmce the volume of the cone is one-third the product of the 
height and the area of the base, the weight of the contamed water 

=wt of ^ X 100 X 8 64 cubic inches 

=^x31 25 lbs wt 

Hence, the thrust on the base of the cone 

=three times the weight of the contained water 

This result, which at first sight seems impossible, is explained by 
the fact that the upward thrust of the base has to balance both the 
weight of the hquid and also the vertical component of the thrust 
of the curved surface of the cone upon the contained flmd, and tTim 
component acts downward and could be proved by the next Chapter 
to be equal to twice the weight of the contamed fluid. 
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y -Ex. z A Itqmd, whose specific weight is wf, rests to a dept1^a\ipon 
another liquid, with which it does not mix, whose specific weight u w 
A square of side b (>a) is immersed in the two liquids, its upper edge 
being in the surface of the upper fiuid and its plane being vertical 
Find the thrust on the square. 

The thrust of the liquids on the square may bo considered to bo 
due to thq thrust of two liquids, one, of specifio weight w\ in contact 
with the whole square, and the other, of specific weight w-w\ in 
contact with the lower part only of the square 

The required thrust will be the sum of the thrusts due to the two 
liquids 

The thrust due to the first, by Art 39, 

The thrust due to the second 

= {w-w')nb{b-a)x^~. 

, the total thrust 

= (6 - a)a+^w'6 [6*- (6 -o)»] 

, =-^o6 (6 - a)*+-J«7'a6 (26 - o) 


AUter The thrust may also be calculated thus. 

The thrust bn the portion of the square' m the upper fluid 


=iu'x6ax|. 



To find the thrust on the lower portion KBCK' imagine the liquid 
AKK'D, of specifio wt to', to be replaced by a portion JjKK'JJ of 
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speafio wt. tff, wlueli would cause the same pressure at the lerel KK' 
that the given liquid does, so that 

TTr. u=:£^.to'=a.io'« 


thrust on JCBCli' 


=it5 area )cio x 
=&{6-a)xtPx[^+^] 


(Art. 89) 


s=6(6-a)x[<iic'+^ (6-o)jp]. 
the required resultant thrust 

= ^tifbar + 6 (6 - a) [air' + i (6 - o) tr] 

6 (ft — a)* tc + able' 6 — aj 

= Jb (6 — a)* to — {2lt — a) w', 

as before 


ESAIVTPISS. V.- - 

1 A cube, each of whose edges is 2 ft long, stands on one of its J 
feces on the bottom of a vessd containing wata i ft. de^ Find the 
thrust of the water on one of its npiight foces 


" 2 Water is supphed from a reservoir which is 400 ft. above the 
level of the sea. A tap in one of the houses supphed is at a hei^t of 
150 ft above the Eea>level and has an area of sq. ins h^d the 
thrust on the tap 


3. A cube of 30 ems edge is suspended in water with its upper 
face honzontal ^d at a depth of 75 ems below the surface. Find 
the thrust on each face of the cube. 


* 4. A hole, six ms sq , is made in a ship’s bottom 20 ft. below the 
water-line. What force must be exerted to keep the water out by 
holdmg a piece of wood against the hole, assuming that a cubic ft of 
s^^water weighs^ lbs ? 

5.^ Fmd the resultant thrust on either side of a vertical wall, J 
whose breadth^ 15 8 ft. and d^tb 12 ft , which is built* in water with 
Its upper edge in the surface, the height of the water-barometer bang 


42 


HYDROSTATICS. 


£zs. 

6. A vessel, vrhose base is 1C oms sq and whoso height is 15 oma , 
has a neck of section 10 sq ems and of height 7 fi oms. ; if it bo filled 
with water, find the thmet on the base of the vessel 

7, If the height of the water barometer be 1033 ems , nhat will 
bo the thmst on a circnlor dise whoso radius is 7 ems when it is 
sunk to a depth o! 60 metres in water ? 

8 The dnm of a reservoir is 200 yards long and its face towards 
the water is rcctangnlar and inclined at SO’ to the horizon Pind the 
thrust actmg on the dam when tho water is SO ft deep 

Has the sire of the surface of the water in the reservoir any effect 
on this thrust? 

0* A vessel shaped like a portion of a cono is filled with water 
It IS one inch in diameter at the top and eight inches in diameter at 
the bottom and is 12 ms high Find the pressnro in lbs wt per 
,sq in at tho centre of tho base and also tho thmst on the base. 

V ' * 10* A square is placed in liquid with one side in tbo surface 
Shew how to draw n horizontal hnc in tho square dividing it into two 
portions, tho thrasts on which are tho saiuo 

11. A vessel, in tho shape of a cubo whoso side is one dcoimctrc, 
18 filled to ono'third of its height with mercury whoso sp gr is 13 3 
while tho rest is filjed wit^ivnatcr. Find tho thrust against one of its 
Bides in kilogrammes wr 

12 A vessel, one foot high, 'is filled to n height of 8 inches with 
merouiy and tho remainder of tlio tcbbcI is filled with water; if one 
Bide of the vessel bo 10 inches long, find the thriibt on one face of it, 
given that tho sp gr of merenry is IS 59D, and that the atmosphenc 
pressure is 15 lbs wt per square inch, 

13. '^ A rectangular vessel, one faco of which is of height two feet 
and width one foot, is half filled with mercury and half with water 
Fmd tho thrust on this face, given that tho sp gr of mercury is 13 5 

14. Two equal small areas are marked on tho side of a reservoir 
at different depths below tho surface Of tho water If tho thrust on 
A bo four times that of D and if water be drawn off so that the 
surface of the water in the resetvoir falls one foot, the thrust on A 
18 now nmc times that on B What were tho original depths of A and 
B below the surface of the water? 

* 15. A onbical box, whoso edge measures 1 ft , has n pipe com- 
mnmcating with it which rises to a vertical height o^O ft above tho 
lid It IB filled with water to the top of tho pipe Fmd tho upw^ 
thrnst on tho hd and tho downward thrust on tho base, and show that 
their difference is equal to the weight of tho water in tho box 

How do you explam the fact that the thrust on the base is greater 
than the weight of the hquid it contams? 
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16. An Brtificiftl lake, \ mfle long and 100 yards broad, with a 
gradually shelving bottom whoso depth vanes from nothing nt one 
end to 88 ft at the other, is dammed at the deep end by a masonry 
wall across its entire breadth If the weight of the water be ^ tojj. 
weight per onbio yard, prove that the thmst on the embankment is 
32266^ tons weight, and that the total weight of the water in the lake 
IS 484000 tons 

vi?/ The sides of a cistern are vertical Its base is a honrontdl 
regular hexagon each side of which is feet long Find its depth if 
when it IS full of water the thmst on each of its sides is the same as 
on its base 

18 A regular tetrahedron, whose edges arc each of length a, is 
completely immersed in water with one of its faces honzontal and 
the opposite angular point downwards Given the depth d of this 
face, find the thmst on each face and deduce the resultant thmst oh 
the tetrahedron 

r 

19, The width of a rectangular vortical dock>gato is 50 ft , and 
on one side there is salt-water (sp gr 1 026) to a depth of 25 ft 
On the other side there is fresh water; find its depth if the thmsts ou 
the two sides are equal , , *, 

^ ^ ’ 

y 20. A hollow cone, whose axis is vertical ond base downwards, is 

filled with equal volumes of two hquids whoso densities are in the 
ratio of 3 1, shew that the thmst on the base is tunes, as 

much as it is when the vessel is filled with the lighter fluid. 

Find the thmst on - 

v^lf a reclanglo, whose sides are a and 5, the side a being hori- 
zontal and at a depth c below the surface and the plane of the 
rectangle being inchncd at an angle B to the vertical, 
y/? ^ < 

- V^2 each of the piano ends of a circular cylinder, of height 7* and 
radius of base a, the middle point of the cylinder being at the depth 
e bdow the surface of the fluid, and its axis being inclined at an 
angle 0 to the vertical. « 

A cone, full of water, ^is placed on its side on a horizontal 
table , show that the thmst ou its base is 3 sin a times the weight of 
th^ontained fluid, where 2a is the vortical angle of the cone. 

A hollow weightless cone, of vertical angle 2a, is filled with 
fluid and suspended freely from a point on the nm of its base , shew 
that the thrust on the base is to the weight of water the cone would l 
contam m the ratio of 

I2sm*a to cosaVl+lfi rit» 2 ft. 
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25. A hollow weightless hemisphere, filled with ligmd, is sus \ 
pended frcelj fi:om a pomt m the rim of its base, shew that the thrust 
on the plane base is to the weight of the contamed hqmd as 12 ,J7d 

^26 A parallelogram is immersed in water one side being in the 
surface , dimde it mto n ports by horizontal lines so that the thrusts 
on these parts may be equal, Shew that the depths of the dividing 
hncE are proportional to the square roots of the natural numbers 

A square lamma ABGD is immersed in water with the side 
AB m the surface Draw a straight line through A which shall ‘ 
divide the lamina mto two parts the thrusts on which are equal 


^^8.* Divide a square immersed vertically in a fluid with one side\ 
in the surface by a straight hne parallel to a diagonal so that the 
thrusts on the two parts may be equal 


29. A semi circular area is immersed m hqmd with the diameter 
y m the surface and its plane vertical , shew how to divide it into n 
sectors the thrusts on each of which are the same. 


i.v'i >^30 A tnangle is completely immersed m hqmd with the vertex 
"'C m its surface , shew how to ^vide the triangle mto tao parts by a 
straight line drawn through A so that the thrusts on the two piurts 
may be equal ^ 

Xhe hghter of two hqnids, of density p, rests on the heavier,-’ 
of density <r, to a depth of a mohes A square of side b is immersed ^ 
m a vertical position with one side m the surface of the upper hqmd , 

' if the thrusts on the two portions of the square in contact with the 
two hqmds be equal, prove that 

4 Alfi* pa(3a-2b)=o-(6-o)® 


w ♦ 

<w\ *32. ABO 13 a tnangle immersed vertically m water with G m the 
surface and the sides AO, BO equally mchned to the surface , prove 
that the vertical through C divides the triongle mto two others the 
thrusts on which are m the ratio 

b»+8a6* o»+3a96 


V 33 A cubical box with vertical sides is filled with equal volumes 
of n different hqnids, which do not mix, the density of the uppermost 
bemg p, that of the*n^ 2p, and that of the lowest np Shew that 
the &rast on the base is (n+1) times the thrust on that part of one 
of the sides which is in contact with the lowest hqmd 

c- I 

" 34. A oylindncal tumbler, half filled with a liquid of density p, is i 

filled up with a liquid of density />' whudi does not mix with the 
former one Shew that the thrust on the base of the tumbler is to 
the whole pressure on its curved surface os 

2r(p+p'J to h{p+3p'), 

where li is the height and r the radius of the base of the tumbler 
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CENTRE OF PRESSURE 

35, h. closed hoUoTff cone is jnst filled Trith water and is placed 
with its-rertez upwards and its ans vertical; divide its carved surface 
'by a honzonfal plane into two parts on whn^ the whole pressures are 
^nsL 

Perform the same division when the vertex is downward. 

3B. cylinder is filled with eqnal volumes of n difieient fluids 
which'do not mis ; the deusiiy of the highest is p, that of the next is 
2p, and so on, tlit of tte lowest being np ; shew that the whole 
pressure on the different portions of the curved surfaces of the 
CTlinder are in the ratios 1* • 2* . . n*. 

43. Centre of pressure of a plane area 

If a plane area be immersed in liquid, the pressure at 
any point of it is perpendicular to the plane area and is 
proportional to the depth of the point 

The pressures at all the points on one side of this area 
therefore constitute a system of parallel forces whose 
magnitudes are known 

By Statics, Art. 53, it follows that all these parallel 
forces can be compounded into one single force acting at 
some definite point of the plane aiea 

This single force is called the resultant fluid pressure 
and IS in the case of a plane area the same as the whole 
pressure, and the point of the area at which it acts is 
called .the centre of pressnre of the given area.' 

The determination of the centre of pressure in any given 
case 18 a question of some difficulty 

We shall not discuss it nntU Chap IX, but shall here 
state the position of the centre of pressure in one or two 
simple cases 


^ (1) A rectangle ABCE is immersed 'with one side JR 
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in tho surface If L and M be the middle points til AB 
and CD, the centre of pressure is at P, -where LP=%LM. 



(2) A triangle ABC is immersed \nth an angular 
point A in tho surface and tho base BC horizontal If D 
be the middle point of BC, the centre of pressure P lies 
on AD, such that AP=^AD. 



(3) A triangle ABC is immersed -with its base BC in 
the surface If Z) be tho middle point of the base, tho 
centre of pressure P bisects DA 



Ex A rectangular hole ABOD, whose lower side CD ts honsontal, 
IS made tn the side of a reservoir, and ts closed hy a door whose plane ts 
vertical, and the door can turn freely about a hinge coinciding with 
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What force must be apphed to the middle point of CD to keep the 
•'Ko^ shut if AB be one foot and AD 12 feet long, and if the water nse 
to the level of AB * 

If P bo the xcqnircd force ihen its motuent about AB and the 
noment of the pressure of the water about AB must bo cquaL 

Tbo thrust of the water, by Art 39, 

=lxl2xGx-l&iy3.1bs wL =4500 lbs wt 

— - lb 

Also, by (1), it acts at a point whose distance from AS 
=|AD=8 feel. 

Hence, by talang moments about AB, 

Px 12=4500 x 8. 

P=30001bs wt. 


EXAMPLES. VL 

A. cubical box is filled with water, and is fitted with a lid 
ABCD consisting of a uniform square plate, whose wci^t is two. 
thirds that of the contained water. If tbo box is held so that the lid 
18 inclined at an angle of 45^ to the horizontal, and the hinge ABk 
horizontal and above CD, prove that tbo lid is on tho point of 
opening. 

- 2. The vertical side of a cubical box is movable about its upper 

edge to which is attached at right angles to tho side a uniform rod 
weighing 5 lbs and of length equal to ^at of an edge , the weight of 
the water that would fill the box is 24 lbs. , find how much water can 
be pqured into the box before tho sido begins to move 

3, A horizontal tube containing water is closed by a square lid 
inclined at an angle of 45* with the horizontal and with two of its 
edges horizontal If the lid be one ft square, and be movable about 
its lower edge as axis, find its weight if it bo on tho point of opening 
when the water stands level with its upper edge. 
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RESULTANT THRUST ON ANY SURFACE 

44 If a portion of a carved surface be immersed in a 
heavy liquid, as in the figure of the nest article, the deter- 
mination of the total effect of the pressure of the liqmd on 
it, t e , of the resultant liquid thrust, is a matter of some 
difficulty For the pressures at different pomts of the sur- 
face act in different directions and in different planes 

By resolving the pressure on each element of the surface 
into vertical and horizontal components we can find forces 
to which the resultant thrust on the surface is equivalent 
We shall first find the total vertical force exerted by 
the liquid on the carved surface This force is called the 
Besultant Vertical Thrust It is equal to the resultant 
of the vertical components of the pressures which act at>the 
different pomts of the given surface For these vertical' 
components compound, smce they are parallel forces, mto 
one single vertical force V * 

In the next article it will be shewn how this resultant 
vertical thrust may be found 

45. ResulUmt verttcal thrust on a swface immersed tn 
a heavy hqwd 

Consider a portion of surface PRQS immersed in the 
liquid Through each point of the boundmg edge of this 
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surface conceive a vertical line to be drawn, and let the 
points in which these vertical lines meet the surface of the 
liquid form the curve AGED. 

Consider the equihbnum of the portion of the liquid 
enclosed by these vertical bnes, by the surface PBQSt and 



by the plane surface AG BE } 

Since, as in Art 28, the vertical thiust of each element 
of surface of PSQR balances the weight of the correspond- 
ing thin superincumbent cylinder of fluid, therefore the 
resultant of all these elemental vertical thrusts (te the 
resultant vertical thrust) must be equal and opposite to, 
and m the same hne of action as, the resultant of the 
weights of these elementaiy columns But this latter 
resultant is the weight of the liquid PRQSDAGB and acts 
at its centre of gravity. 

Also the thrust of the suiface upon the liquid is equal 
and opposite to that of the liquid upon the surface 

Sence, ‘^The residta/nt verhccR thrust on any surface 
xmmersed %n any heavy liquid is equal to the weight of the 
supervncumhent liquid and acts through the cenl/re of gravity 
of this sup&nncumbent liquidP 


L H. 
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46 If the liquid, instead of pressing the surface down- 
wards, press it upward as m the adjoining figure, the same 
construction should be made as in the last article 

The pressuie at any point of the surface PJRQS depends 
only on the depth of the point below the surface of the 
liquid 

Hence, in our case, the pressure is, at any point, equal 
m magnitude but opposite in direction to what the pressure 



•will bo if the liquid inside the vessel be removed, and instead 
liquid be placed outside the vessel so that Ali is its surface 
In the latter case the resultant vertical thiust will bo 
the weight of the liquid PQAB 

Hence, in our case, TIte resullont leihcal tlimst on the 
given portion of surface is equal to the weight of the liquid 
that could he upon it up to the level of the surface of the 
liquid, and acts vertically upwards through the ceniie 
of gravity of this liquid. 

47 If the surface be as in the subjoined figure, the 
resultant vertical thrust on the part AB is upwards, and 
equal to the Veight of the liquid that would occupy the 
space BAED 

The resultant vertical thrust on BG is downwards, and 
equal to the weight of 'the hqmd that would occupy the 
space GBDE 
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The resultxmfc veitical thru'st on the surface ABC is 
equal to the difterence of these, and is thus equal to the 
•weight of the liquid CBA and acts downwards 



48. In Art 46, if the liqiud he not homogeneous, the 
liquid that would occupy the space PQAB must he supposed 
to have the same density at each point of it that the liquid 
in the vessel at the same depth hclow the surface as that 
point has In this book, ho'we\.cr, w e shall meet "with very 
few examples of liquid that is not liomogencous 

r 

49 TJte resultant xcrticnl thru'^i on a boJt/ immersed, 
vJiolh/ or pnrth/, in a hquxd is eijuaJ to the voifjhf'o/ the 
fujuid dtsplaeed [For another proof see Pxigo 64.3 
Consider the body FTQU w'holly immersed in a liquid 
Let a \ertical line he conceived to travel round the 
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surface of the body, touching it in the curve RRQS and 
meeting the surface of the hquid in the curve AGBD 

The resultant vertical thrust on the surface PTQRP is 
equal to the weight of the hquid that would occupy the space 
PTQBA and acta vertically v/pwards through its o o. 

The lesultant vertical thrust on the surface PUQRP is 
equal to the n eight of the hquid that would occupy the space 
PUQBA and acts vertically downwards through its o O 

The resultant veitical thrust on the whole body is equal 
to the resultant of these two tlirusts, and is therefore equal 
to the weight of the liquid that would occupy the space 
PTQU and acts -upwards tluough the centre of gravity of 
th e space P TQU 

Hence, Tfw reml^r^wrhcal thrust on a body totally 
xmmerssd is eaual to the weight of the displaced liquid and 
veritcallyjhrough the centre of gravity of the displaced 
liquid [From ^t 52 it ivill follow that the resultant"" 
horizontal thrust on the body is zero] 

This ceiitie of giavity of the displaced liquid is often 
called the centre of buoyancy of the body and the 
resultant vertical thrust is often called the force of 
buoyancy 

The important lesult just enunciated is known as the 
Pnnciple of Aichimedes, who was a Greek Philosopher and 
hved about 250 n c 

50 The same theorem holds il the body be partially 
immersed, os may be easily seen 

If the shape of the body be somewhat irregular, as m 
the figure on the next page, thgjresnltant vertical thrust is 
eqmy^nt to the weight of ttie liquid A PQB acting upwards, ' 
less the weights of the liquid SDBQ and RGAP actmg 



RESULTAITT VERTICAL THRUST 


53 


downwards, plus the weights of the liquid DSM and GLR 
acting upwnids, 

* c , is equivalent to the weight of the liquid that could 
bo contained in LRPQSM acting upwards through its 
centio of giavity. 



51. If tlio liquid is not homogeneous the remark of 
Art 48 applies, and tlio space occupied by the body must 
bo supposed occupied by liquid of the same density as at 
the corresponding level outside the body 


EXAMPLES. Vn. 


l' A TcsEol in the form of a portion of a cono is olosccl at the top 
and bottom by two circnlar plates, thoir dinmotera being 6 and { 
8 inches, and the Ncssel is filled with liquid Compare tho thrusts'^ 
on the loivcr plate, according os tho larger br tho smaller plato is at 
the bottom 


Explain why this thmst is in the one case greater, and in the 
other case less, than the weight of tho liquid 

2*' A conical wine glass is filled with water and placed in nn 
inverted position upon a table , shew that tho tlirust of tho water 
upon the glass is two thirds of that upon tho table 
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3 A quantity of water wbicih just fills a cone, whoso height is }i 
and the radios of whose base is r, is poured into a cyhnder, the radius 
of whose base is also r Compare the thrusts on the two bases, the 
axis of caoli yessel being rerticoL 

^ If a hollow c\ Under be filled with water, and be dosed at both 
‘ ends and held with' its axis horizontal, find the vertical thrust on 
the lower half of the coned surface 

A hemispherical bowl is filled, with water and inverted and 
placed with its plane base ui contact with a horizontal table, prove 
that the resultant I’crhoal thrust on its surface is one third of the 
thrust on the table ^ 

A right circular cone, closed by a base, is held with its azi^ 
^ horizontal and is full of water , find the resultant vertical tlirust 
(1) on the upper half, (2) on the lower half, of the ourved surface 

A bucket in the form of a frustum of a cone, the radii of its 
^top and bottom bemg 6 and 4 inches respectivdy, is one foot high 
and IS full of irater, a cubic foot of which weighs 1000 ounces Fmd 
the resultant icrtical thrust on its curved surface 

I 

I < 

/ 8 A hollow dosed vessel in the shape of a ovlindet surmounted 

- by a cone is ^ed with hqmd If the axis of the cone be three tunes 
as long as that of the oylmder, prove that the resultant thrust on the 
surface of the cone will be the same m the two positions in which tlie 
,vessd con be placed with its axis vertical 

A double funnel, formed of two equal cones with a common 
axis commanicating at their common vertex, is placed on a horizontal 
plane with the axis vertical and is filled with water, prove that the 
resultant vertical thrust on the onrved surface of the lower cone is 2^ 
tunes the weight of the water 

Tlie shape of tlic intenor of a vessd is a double cone, the 
ends bemg open and the two portions connected by a minute aperture 
at Qie common vertex , it is placed with one circular run fitting close 
upon a horizontal plane and is filled with water , find the resultant 
.vertical thrust on the vessel and shew that it will be zero if the length 
jot the axis of the upper portion be twice that of the lower ^ 

j' 11, A heavy conical cup is placed vertex upwards on a smooth 
horizontal plane, and water is gradually poured m through a hole in 
the top The weight of the cup is ^ths of the weight of the water 
which would just fill it, prove that the cup will be on the point of 
rising from the plane when the water has reached half the height of 
the cup 
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12. ^ corned shell is placed vnth its vertex upwards on a ' 
horizontal table and hqmd is poured in through a small hole in the 
vertex; if the cone begms to nse nrhen the weight of the liqmd pomed 
in IS equal to its own weight, prove that this weight is to the weimt 
of the liqmd that ■would fill the cone as 9 — . 4. 




/ A double fnnnd is formed by joining two equal hollow cones 

^t their vertices, and stands on a horizontal plane with the common 
axis vertical , liquid is poured into the cone imtil its surface bisects 
the axis of the upper cone If the hqnid be now on the pomt of 
escaping between the lower cone and the table, prove that the weight 
of either cone is to that of the hqnid it can hold as 27 : 16 


52. 'To find (he resultant horizontal thrust tn a given 
direction on a given surface. 

Through each pomt of the perimeter of the given 
surface dravr horizontal lines PP', QQ', RR\ SS' etc in 



the given direction, and let the^e^ines meet a vertical 
plane perpendicular to the given direction in a curve 
FR’Q'R. . 

Take any very small element of area of PQRS and 
construct, as in Art 27, a small thin cylmder on it whose 
other end is on the plane P'Q'PST, and whose generating 
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linos are parallel to TF By resolving parallel to PF tlio“ 

forces acting on it, ive have 

horizontal thmst on this small clement of PQRS 

=■ horizontal thrust on the corresponding small element 
of FQ’RS. 

[For all the other forces acting on this thin cylinder, 
VIZ. its weight and the pressures of the surrounding Quid, 
act in directions perpendicular to PF ] 

Since this' IS true for all such elements of area, if they 
are taken small enough, it follows that the resultant 
horizontal thrust on PQRS in the diiection PF is equal 
and opposite to, and in the same hnc of action os, the 
resultant horizontal thrust on FQ'FS' m the same 
direction. 

Now the latter is known m magnitude by Art 39 since 
it 18 the whole thrust on FR'Q'S , also its point of 
application is the centre of pressure of FR’Q’S 
N Hence the resultant horizontal fmee in any given 
I dir§ciian on any surface is equal to the whole thrust 
upon the projection of the surface upon a veitical plane 
perpendicular to that diicction, and acts at the centre of 
pressure of that projection 

53 Resultant thrust on any surface immersed in 
liquid 

We can now find the resultant thrust on any surface, 
the resultant vertical thrust is known in magnitude and 
line of action by Art 45 

The resultant horizontal thrust in each of two horizontal 
directions at right angles is known by Art. 52 in both 
I m^mtude and Ime of action 

j If these three forces compound into one single resultant 
(as IS generally the case with symmetrical bodies) tins 
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resultant is found by the proposition known as the 
Parallelopiped of Forces 

54; Ex holloio cylinder closed by a plane base ts filled with 
liquid and held with its axis vertical, find the magnitude and the line j 
of action of the resultant thrust on half the cylinder cut off by a vertical 
plane through the axis. 


A 



Let h be the height and r the radius of the base of the cyhndei 
Let ABB' A' be the section of the cylinder made by the dmdmg plane. 

Through 0, the middle point of AB draw OC the bisectmg radius 
of the upper bounding semi-circle, and on it take Gi, such that 

' 00,=^. J [Static*, Art 118] 

OTT 

Then G^ is the centre of gravity of this semi-circle 

If we draw G■^Q^ vertically downwards to meet the base in G^ and 
bisect GfjCfj in G, then G is the centre of gravity of the semi- 
oyhndncal mass of hquid that we are considenng 

The vertical thrust, by Art 45, acts through Gf, and 

= weight of the seim-oyhnder of liquid 

A. to, 

where w is the weight of umt volume 

The horizontal thrust on the curved surface, by Art 62, 
s=the thrust on the rectangle ABB'A*. 
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This, I 7 Art 43 (1), acts at the centre of pressure P, where 

OP=^O0', and its magnitude 

= to X area of ABB’ A’ x depth of its c.o. 

h ’ 

=10 X 2rh X -=iehV 

n, ns in the nght-hand figure, the vertical through O meets the 
honzontnl through P in K, me required resultant thrust then acts 
through K, and, if its magnitude he R at an angle 0 to the horizon, 


we have 



iJ cos d=ic/i®r. 

and 

iJ 6 infl=^r-ftu>. 


X « wr 

.. tantf=^. 

and 

R=V!jir»J h®+^-r* 


The mogmtude and lino of action of the resultant tlimst are thus 
found 


EXAMPLES Vm 

A sohd hemisphere, of radius a, is placed with its centre nt a 
Hepth h below the surface of water, and has its plane base in a vertical 
plane; what is the horizontal thrust on its curved surface^ Find also 
the resultant thrust on it 


2 A sohd right circular cone is placed with its axis horizontal 
and at a depth h below the surface of water, find the horizontal thrust 
on half of the cone cut off bj a vertical plane through the axis 

/ ' ' 

V 3 A hollow nght circular cone, with its axis vertical and vertex 

downwards, is filled with liquid, find the resultant horizontal thrust 
on half of the curved surface determmed b; an; plane through the 
axis 

-S <■ 4. If hollow nght circular cyhndcr is filled with liquid and held 
with its axis horizontal, find the magmtude and the line of action of 
the resultant thrust on half the curved surface cut off bj a vertical 
plane through the axis 

5 * A vessel m the shape of a nght circular q^hnder is placed with 
its axis vertical and is half filled with water, and half with a hquid of 
sp gr 2 which does not mix with water Find the direction of the 
resultant tlmist on the part of tljo surface cut off bj a plane through <■ ' 
its axis _ 1 
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G,' A. bonyontftl trongh is semi-oiroular in section and is filled 
witb water wlioso weight is U', if the trough bo imagined to bo 
divided into hft\\03 alone the middle, show that the water will tend 

IT 

to push them asunder honrontally with a force — . 


Shew also that the resultant thrust of the water on either half of 
the trough mates with the vertical an angle cot“^ ^ . 

/h 


ihr 


7. A solid nplil circular cono is divided into two parts by a piano 
.lirough Its avis and ono of these portions is just immersed, vortex 
downwards, in water Find the resultant thrust on its curved 

surface, and show that it is inohncd at an angle tan~' tan to 

the horizontal, where a is the Fcmi-vcttical angle of tho cone i ’ 


! 8 A solid right circular cone, of height h and vertical angle 2a, is 

'made of uniform material and floats in water with its axis vertical 
and vertex downwards and a length V of axis is immersed Tho cone 
IS bisected by a vertical piano through the axis and the two parts are 
lunged together at tho vertex Shew that tho two parts will remain 
in contact if h’>h sm'a 


[Tho vertical and honzontarcompononts of tho thrust on one part 
arc known, os in Arts 45 and 52, and their points of application are 
known, if tho snm of the moments of thr <!0 two components obout 
tho vertex is greater than the moment of the v< eight of ono part, the 
two parts will not separate ] 


* 

9. A thin liollow vc'Pcl in the shapo of a right cone with a 
circular base is cut in two by n plane throngh the axis, and tho two 
parts are hinged together at the vertex and the edges greased so as to 
bo watertight. Tlie vessel is tlien hung up hy tho hinge and filled 
with water throngh a small aperture neat tho hinge. Shew that the 
water will not flow out if the vertical angle of the cone exceed 120*. 


65. Wlion a Burfneo is bounded by a piano cuivc, the 
resultant thrust on it may often bo mote simply found 
without using Art 52. Tho method is best shown by 
examples, as in the next article 


f 60 Ex 1 ^ hcmifphcre it mmerred in water with its centre at a 
depth h and its plane bare inclined at an anple a to the honson, find 
the direction and mapmUtde of the resultant thrust on the curved 
turfaee. 
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Let AGB bo the plane base of the hemisphere whose centre is 0, 
and whose centre of gravity is G. Let a he its radius 



The resultant thrust on the wh ole bo dy is, by Art 49, e qual t o 
the weig hf of'th yiiqm d displaced, ti z |ira»tD^ and acts vertically 
through Q 

But this thrust is the resultant of 


(1) the thrust X on the plane base AOB, which equals ira*bw 
(Art 89)i and acts perpendicular to the plane base at some point P 
which must by symmctiy lie on AD, and 


(2) the pressures of the liquid at the different pomts of the curved 
surface of the hemisphere , the direction of each such pressure acts 
normally to the surface of the sphere and thus goes through the centre 
O , the resultant thrust on the curved surface thus acts through 0 and 
must be equal to some force JR acting at some angle <p to the honvon 
Equating the resultant of R and A to the vertical thrust §ra’w, we 
have 

JJ sm <f>+X cos ar=JR sin <ft+ira?hw cos o, 

( 0=:R cos 0 - A sin a=sR cos ~ ira-hio sm a. 

.* B Bin 0= jrtt*w - 7i cos 

and licos0=ira-«7 Asm a 

R = (^o - 7i cos a)® + 7i* sm® a 

^ 9 /Ta 4aA 4a® 

=ira«w^A« — _cosa+-^. 



and 


tan ^ss 


§a-h cos o _ 2a - 3/i cos a 
h sm a Sh Bin a 


^ We thus have the direction and magnitude of the resultant thrust 
on the curved Surface 


RESULTANT THRUST 


61 


Oor If tbe piano base be as in tbe annexed figure then tbe tbiust 
X acts doirnwardsi and tbe equations given above become 


sm ip—X cos a, 
0=jRoos^-Xsma 





These then give . 

n 5 /it . . 4®® 

JRisira^w^ 7j®H — ^C 08a + -^, 


and 


tan^: 


_2a+S7icoso 

8/iEina 


Ex 2 To find the centre of pressure of a plane circle immersed in 
liquid 


In tbe previous example tbe moment of X about 0 must be 
equivalent to tbe moment of at G about 0, smee J2 goes 

tbrougb 0. 

.. A' OP=i^ jra®w X OG Bin a, 

3ft 

le. vaVia OP=^jra®ta x -g- sin a. [Statics, Ait 225] 


OP=j^Bino 

The distance of tbe centre of pressurp of a circle from its centre. 
I S tbuB always equal to sin a 

Cor If tbe circle bad its plane vertical, so that a =90°, then 
0P=^, and thus, in this case, tbe depth of tbe centre of pressure 

belo-w tbe surface of the liquid=7i+^, where a is the radius of tbe 
circle and h is tbe depth of the centre below tbe surface of theJiquid 
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3 A cyliwUr closed at loth ends ts entirely immersed in water 
with Us axis inclined at a given angle 0 to the horizontal, if Us 
height be h and the radius of its base be a, find the resultant horizontal 
and vertieal thrusts on Us curved surface 



If d bo tho dopth of the middle point 0 of the axis, the depth of 
the centre A of the nppennost plane cnd=(I-il2f=sd-^ Bind, and 
thns the thmst P on this plane end 

=ra* sin w (Art Sit) (1) 

So the depth of tho centre B of the lower plane end =d + ^ sin d, 

10 

and thus tho pressure P on this end 

=ira’ +g Bin o'j w (2) 

Let n and V bo the required horizontal and rertieal thrusts on 
the cun ed portion of the cylinder, H being taben towards the left and 
V Tertioallj upwards 

Then the resultant of V, H and the thrusts, P and P', on tho two 
plane ends is equal to the resultant thinst on the whole cylinder, 
which IS verhcal and equal to va^hxw (Art dn ) 

Hence, resolving horizontally and vertically, we have 
-J5r+(P'-P)cosfl=0, 1 

P+(P'— P)BinS=*ra®7«c ) 


and 
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Also, ty {1) anil (2), F - P=iro®lfiw sm 0 

. JT=(F-P)cosfl=ffo®lnc8m<Jcos(?, 
and VszTaVno - va-hto sin* O^varhw cos* 0. 

Tho resultant thu8=ro*/MPC0s9 inclined at an anglo 90° — 0 to 
tlio honroutal, t e at <? to tho vertical. 

By Ex. 2, if K, L bo tho centres of pressure of tho two faces, then 
AK^ - ‘ ° ' ■'■cosg, and BL cost?. 

p.ajk:=f.bl. 

tho moments of the two parallel forces, P and P', ahont 0 are 
equal and opposite 

Hence their resultant passes through 0 , also tho direction of tho 
resultant thrust on tho uliolo cylinder passes through 0, 

tho rcsullont of Jf and V passes through 0 

.* the rcsaUsnl thrust on the cuned surface passes tlirongh 0, 
and IB equal to freest? at an angle 0 with the \crtical, vrhoro W is 
the vrcight of the water displaced by the cylinder. 


EXAMPLES. IX. 

1, A solid horai‘'phcrc is immersed in liquid with the highest 
point of Its plane base in tho surface, and the base is inclined at tan~’ 2 
to tbo honzDii , j;hcw that the resultant thrust on the curved surfaco is 
Twice the weight of the displaced hqiiid. 

I 

dosed cylindci, -whoso height is equal to the diameter of its 
base, IS filled with v nttr, and hangs freely from a string fastened to a 
point on its upper rim, if tho weight of tho cylinder bo neglected, 
show that tho \crtical and horizontal components of tho resultant 
thrust on its curved surface are each of them equal to half tho weight 
of the contained water 

3. A hollow weightless homisphcie with a piano baso is filled with 
Wiitcr and hung up bj moans of a string, ono end of which is attached 
to a point of tho run of its base , find the molination to tho horizontal 
of the resultant thrust on its coriod surface 

4. A right cono is filled with water; it is then dosed and laid 
with a generating line in contaot wnth a tahlo ; find the resultant 
icrtical and horizontal thrusts upon the carved surface 
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''•5 A solid cone is jast immersed in water witli a generating lino 
in the surface, prove that the inclination to the vertical of the 

resultant thrust on the eurved surface is tan“^ — , where 2a 

1-2 ton* a 




\ 


is the vertieal angle of the cone 

^6 A cone floats with its asis honzontal in a hqmd of density ' 
double its own , find the pressure on its base and prove that, if 0 bo 
the inclmation to the vertical of the resultant thrust on the curved 
surface and a be the semi-vcrtical angle of the cone, then 


tan 0=- tan a 

V 

\ 7 A hollow cone, of vertical angle 2a, is filled with water and 
paced on its side on a plane, rough enough to prevent any shding, 
wluoh IS inclmed at an angle /3 to the horizon Find the resultant 
honzontal and vertical thrusts on its curved surface, the vertex being 
the lowest point of the cone 


8 A closed oyhndncal vessel with hemispherical ends is filled 
ivith water, and placed with its axis honzontal Find the resultant 

^ thrust on each of the ends, and determme its line of action 

9 A weightless sphere is divided by a vertical plane into two 
halves which are hinged together at their lowest point, and it is just 
filled with water , shew that the tension of a stnng which ties together 
the highest points of the two halves is three eighths of the w eight of the 
water that the whole spheie would contain 

' 10 closely fitting hemispheres, made of sheet metal of small 

uniform thickness, are hinged together at a point on ^heir rims, and 
are suspended from the hinge their rims being greased so that they 
form a watertight sphencal shell The shell is fitted with water 
through a small hole near the hinge , prove that the contact will not 
giveaway if the weight of the shell exceeds three times the weight of 
the contained water 


17ote Tlie lesult of Art 49 (or 50) may also be shown 
thus , conceive the body removed, and the space PUQRP to 
be filled up ivith extra liquid , the rest of the liquid being 
undistuibed The pleasure on each element of the surface 
of this extra hquid is the same as on the correspondmg 
element of the solid (Art 28), and hence the resultant 
thrust on the sohd is the same as the resultant thrust 
'x on this extra liquid But this latter balances the weight 
of the extra hquid Hence etc. 


CHAPTER T. 


EQtnLnmnjM of floating bodies. 

57. Conditions of cquiltbrium of a hody freely floating 
in a liquid. 

Consider the cquilibnnm of a body floating wholly or 
paitly unnieiscd in a liquid. 



There arc two, and only two, vertical forces acting on 
the body, 

(1) its weight acting through the centre of gravity 6 
of the body, and 

(2) the resultant vertical thrust on the body which is 
equal to the v eight of the displaced liquid and acts through 
the centre of buoyancy, 

t e. the centie of gravity G' of the displaced liquid 
L. H 6 
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For eqmlibnum these two forces must be equal and act 
in opposite diiections in the same veitical Ime 

Hence the required conditions are * 

(1) The weight of the displaced hquid must be equal 
to the weight of the body, and 

(2) The centies of gravity of the body and the 
displaced liquid must be m the same veitical Ime 


68 Ex 1 eyltniler of wood, of height 6 feet and weight 
60 lbs , floats in water If its sp gr he find how much t( will he 
depressed tf a weight of 10 lbs be placed on its upper surface 

Let A be the area of the section of the ojhnder. Then 
60=^ G I w=A 6 I 62^, 

BO that A—-^eq ft 

Let a be the distance through which the wood is depressed when 
10 lbs are placed on it The weight of the water which would occupy 
a cylinder, of section A and height x, must therefore bo 10 lbs * 

10=^1 X w—-^ «. 62 ^ 

.♦ *=*ft 


Ex. 2 A man, whose weight is equal to 160 lbs and whose sp gr 
is 1 1, can just float in watej with his head above the surface by the aid 
of a piece of cork which u wholly immersed Having given that the 
volume of his head is one sixteenth of his whole volume and that the 
'sp gr of cork IS 2i, find the volume of the cork 


Taking the wt of a cubic ft of water to be 62^ lbs we haie, if V 
be the volume of the man, 

160 =Fx 4 ^x 62 ^, 

so that Fs=J^^cub ft 

Agam, smee the weight of the man and the oork'must bo equal to 
the weight of the hquid displaced, we have, if V' be the volume of the 
cork m cubic feet, 

160+Fx 24x62j=(|fF+F') 1 62j 
. F'x 76 x 62^=160-i§ F 62J=1G0-|^ 


F'= 160 -i^=^ 
... F'=^x^=^oub ft 
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• N/fr-T s A loaded piece of trood and an elastic bladder containing 
air just foot at the surface of the sea, ichat ictll happen if they he 
both plunged to a great depth in the sea and then released t 

’VhorrsnWntt nnwnrtl thrnst of ft homogeneous linmd on a body 
18 alwn^B tlic same. vrlmte\or bo its tiowtt> tnn mirmnn at the 

li q^nid, prowded that tho yolamo of the bod> remains nnnuorod 

In the case of tho Mood, jvhich t\e asstimo to bo incompressible, 
the rcsuliant thrnst on it nt a great dopth is the same as at the 
surface and therefore the body just floats 


In the case of the clactic bladder tho pre'^suro of tho sea at a 
great depth compresses the bladder, and it therefore displaces much 
less liquid than at the surface of tho sea Tho resultant Tcrtical 
thrust therefore is much diminished ; and, as tho bladder only just 
floated at the surface, li uriU noir sin/.. 


EXAMPLES. X. 

1. A man, of urcighl 160 lbs , floats in watci with d cubio inches 
of his bod> above tho surface IVlint is his \olnmo in cubic fcctf 

2. What 'uoight of iron (sp gr =7) must be attached to lib of 
corh (sp gr.s^) so that tho combination may just float in uatcrY 

3 A certain body just floats in water On placing it in sul- 
phnne acid, of sp gr 1 80, it requires the addition of a weight of 42*5 
grammes to immcrso it Find its volume 

y/ 4. A cubic foot of air weighs 1 2 ors A balloon so thin that tho 
volume of its substance maj be neglected contains 1 5 cuinc ft of 
coal gns, and the envelope together with tho car and appendages 
weighs 1 oz Tlie balloon just floats in the middle of a room without 
ascending or descending , find the sji gr of tho gas compared until 
(1) air, and (2) uatcr 

k/ 5, The mass of a litre (i e , a cubic dccimotro) of air is 1 2 
grammes and that of a litre of hydrogen is 089 grammes The 
material of a balloon weighs 60 Kilogrammes, what must ho its 
volume BO that it maj just float when filled with hydrogen? 

6. A piece of iro;i weighing 276 grammes floats in mercury .of 
sp gr 16 69 with fiths of its volume immersed Find the volume 
and sp gr of tho iron 

7, If an iceberg he in the form of a cube and float with a height 
of 30 ft above tho surface of tho water, what dopth will it have below 
tho surface of tho water, given that the densities of ice and sea-water 
are as 918 to 1 025 ? 


5—2 
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8 A 8hii), of mass 1000 tons, goes from fiosh 'water to salt* 
water If tho area of tbe section of the ship at the \^ater Ime be 
15000 sq ft and her sides vertical where they cut the water, find 
how mnch the ship will nse, taking the sp gr of sea-water to be 
1020 

A ship sailing from the sea into a nvor sinks a inches, and on- 
'disoharging « tons of her cargo rises b inches, if sea- water be 
ono-fortieth heavier than nver-water, prove that the mass of the ship 

IS 41 T X tons 
u 

j 10 A cnbical block of wood of sp gr 8, whose edge is one foot, 
floats with two faces horizontal down a fresh water nver and ont to 
sea where a fall of snow occurs causing the block to smk to the same 
depth as m the river If the sp gr of sea-water he 1 026, shew that 
the weight of the snow on the block is 20 ozs 

11 A piece of pomegranate wood, whose sp gr is 1 36, is 
fastened to a block of hgnum vitia, whose sp gr is 66, and the 
combmation wiU then just float in water , shew that the volumes of 
tho portions of wood ore equal 

12, A piece of cork, uhoso iveight is 19 ozs , is attached to a bar 
of silver woiglung 63 ovs and the two together just float m water; if 
the sp gr of silver be 10 6, And tbe sp gr of cork 

13 A rod of uniform section is formed partly of platinum 
(sp gr =21) and partly of iron (sp gr =7 5) The platinum portion 
bemg 2 ins long, what will be tbe length of tbe iron portion when 
tho whole floats in mercury (sp gr =13 6) with one inch above the 
surface’ 

14 A piece of gold, of sp gr 19 25, weighs 96 25 grammes, and 
/' when immersed in water displaces 6 grammes Ezaimne whether 

the gold he hollow and, if it be, find the size of the cavity 

15 A mau, whoso weight is ten stone and whose sp gr is 11, 
just floats in water by holdmg under the water a quantity of cork 
If the sp gr. of the cork be 24, find its volume 

16 A oyhndrical lead pencil floats in water with ^tbs of its 
volume immersed If the lead is a oylmder whose radius is one- 
fourth that of the pencil and the sp gr of the wood is 78, find the 

. sp gr of the lead 

^17. A block of wood floats in liquid with |ths of its volume 
immersed In another hquid it floats with §rds of its volume 
immersed If the hquids bo mixed together in equal quantities by 
weight, what fraction of the volume of the wood .would now be 
immersed? 
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^5^18. L solid displaces i, i, i of its volume respootuely when ,, 

A 0 C 

it floats in three diifercnt liquids , find what fraction of its volume It 
displaces when it floats in a 'mixturp formed of (1) equal volumes, 
^2} equal weights of the liquids 


19, A piece of iron, the mass of which is 2Glbs , is placed on the 
top of a cubical block of wood, floating m water, and sinlcs it so that 
the upper surface of the wood is level w ith the surface of the water 
^e iron is then removed Find the mass of the iron that must be 
attached to the bottom of the wood so that the top may bo as before 
in the surface of the water 

[Sp gr. of iron =7 5.] 


^ 20 A enbieni box of ono foot external dimensions is made of 

matenni of thickness ono inch, and floats in water immersed to a 
depth of 8^ inches How many cubic ms of water must bo poured 
in so that tlie water outside and inside may stand at the same level? 

I, How deep in the water will the box then be? 

21, A thin uniform rod, of weight IT, is loaded at one end with a 
weight JP of insignificant volume If the rod float in an inclined 

position with - th of its length out of the water, prove that 


J. 


(n-l)P=ir 

22 A thin eyhndncal rod, weighted at ono end, floats in water 
wnth half its length immersed and inchned at any angle to the 
horizon , prove that the weight which is added is equal to the weight 
of the rod 

23. A thin uniform rod has a vciy small portion of heavy metal 
attached to ono end, and it can float m water half immersed and 
inolmed at any angle to the horizon ^ show that the sp, gr of the 
ro^d must bo 4. 

24, A rod, of small section and of density p, has a small portion of 
^^etal of weight -th that of the rod attached to ono extremity j prove 

that the rod will float at any inclination in a liquid of density <r if ^ 


*^5. An ordini^ bottle containing air and water floats in water 
neck downwards Shew that if it bo immersed in water to a sufficient 
depth and left to itself it will sink to the bottom. What condition 
dotoi mines the point at which it would neither nso nor sink ? 
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26 A steamer, -whose load is SO tons to the inch in the neigh- 
bourhood of the water line in fresh water, is found after a 10 dajs' 
voyage (in which 60 tons of coal per day are burnt), to have nsen 2 feet 
m sea-water at the end of the -voyage , prove that the original displace- 
ment of the steamer was 6720 tons, taking a cubic foot of fresh water 
as 62 5 and that of sea-water as 64 lbs 

-^7 A sohd cone has its axis of length h and is of density p, if^<^ 
it floats, with Its vertex upwards, m a hqmd of density <r(>p), how 
^mni^ of its axis is out of tbe fluid? 

28, A cone, 7 indies in height and 2 inches in diameter at its 
^base, IB attached at its base to a hemisphere of equal diameter , the 

sp gr of the cone being and that of the hemisphere 1^, find the 
sp gr of a hqnid in which the body would sink till only 3 inches of 
the axis of cone is out of die hqnid 

29. Shew that a homogeneous body in the shape of a ngh(^ 
circular cone can float in a hqnid of twice its own density with its 
axis horizontal 


30. A hollow conical vessel floats in water -with its vertex down 


wards and a certain depth of its axis immersed, when water is ponn 
into it up to the level originally immersed, it sinks till its mouth iwon 
a level with the surface of the water What portion of the axis was 
ongmally immersed? 


m tj 
edv^ 


^ 59. A body floats vnth part oftts volume %mmersed tn 
one hquid and with the rest in another hqynd, to determine 
the conditions ofl equilibrium 


The weight of the body must clearly be equal to the 
resultant vertical thrust of the two liqiuds, t e to the sum 
of the weights of the displaced portions of the two hquids, 
and must pass through the point on the line joining their 
centres of gravity at which the resultant of these two 
weights acta [Statics, Art 63] 

This includes the case of a body floating partly im- 
mersed in hquid and partly in air 


Ex. 1 A vaiel contains water and mercury, A cube of iron, 
6 cm along each edge, is tn equUtbnum in the liquids with its faces 
vertical and hontontal Find how much of it is in each liquid, the 
specific gravities of iron and mercury bang 7 7 and IS 6 

Lot * ems be the height of the part m the mercury and therefore 
(S—w) cms. diat of the part in the water 
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Since the weight ol the iron is equal to the sum of the weights 
of the displaced mcrcnrj and water, therefore 
6x7 7=J:xl3 6 + (6-fl:)xl 
. ^ .. a;=2^^cm6 

Es 2 A fiece of wood JloaU tn a bealer of water vnih -^ths 
of its volume immersed IVhen the heal er u put under the receiver 
of an atr-pump ard the air withdraicn, how ts the immersion of the 
wood affected if the sp gr, of air be 0013? 

Let V be the rolumc of the wood and xV the volume immersed 
when the air is withdrawn 

The wt of ^ of water together with that of of air must equal 

the wt of xV of water For each is equal to the wt of the wood 
OF V 

.. 0013=iF.l. 

x= 90013, 

so that the volume immersed in water is increased from ‘9F to 
‘90018F. 


•• *r 

t''' EXAMPLES. XL 

v/1, A circular cylinder floats in water with its axis vertical, half 
its axis bemg immersed , find the sp gr of the eyhndor if the sp gr 
of the air be 0013 

2, An inch cube of a substanoi, of sp gr 1 2, is immersed in a 
vessel containing two liquids winch do not mix The sp grs, of the 
hquids are 10 and 13 Find how much of the solid will be im> 
mersed in the lower liquid. 

r 

3. A uniform cjlindcr floats in mercury with 5 1432 ins of the 
axis immersed 'Water is then poured on the mercury to a depth of 
one inch and it is found that S 0697 ins of the axis is below the 
surface of the mercury Find the sp gr of the mercury. 

\ 4, Amass composed partly of gold (sp gr 19 25) and partly of 

silver (sp gr 10 5) floats with ths of its volume immersed in 
mercury (sp gr. 13 0) and the remainder in water. Compare the 
we^hts of the gold and silver in the mass 

^5. A rectangular block of wood, 40 ems. in depth and of sp gr 
9, IS floating in water with its upper surface horirontal Oil of 
sj) gr 6 IB poured on to the water, so as to cover the wood; prove 
that the wood ivill rise through 6 ems 
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If a body bo floating portiaUj immersed in a liqnid and tho air 
iiTbontaot with it be suddenly removed, will the body nee or smk? 

7‘ 7. 7!wo liquids which do not mix are placed in the same vessel , 
the density of the lower liqnid is p and that of the npper'ib mp , a 
cylinder floats in them with its axis vortical and is completely 
submerged, its density being np, find the condition that it may be 
half in tho upper and half in the lower liquid 


8, A body floats in water contained in a vessel placed under an 
exhausted receiver with half its volume immersed. Air is then 
forced into the receiver until its density is 60 times that of air at 
ntmosphcrio pressure Provo that tho volume immersed in water 
will then bo ^ths of tho whole volume, assuming the sp. gr. of air at 
atmospborio pressure to bo 00126 


1 / 

iaerse( 


A cube floats in distilled water with | ths of its volume im> 
Sersed It is now placed mside a condenser where tho pressure is 
that of ten atmospheres, find tho alteration in the dcqith of immersion, 
lio sp gr of the air at atmospherio pressure being OOlS 


- 10 A vertical cylinder, of density p, floots m two liquids, tho 
density of the upper liquid being p^ and that of tho lower pj , if the 
length, h, of the cylinder bo n times tho depth of the upper hquid, 
prove that the depth of immersion of tho upper face of the cyhnder is 


n Ps-Pi’ 


provided that p<pj and >pa- — 

f ^ 

^1. A right circular cone, of density p, floats just immersed with 
its vertex downwards in a vessel containing two liquids, of densities 
(Tj and (Tg respectively , shew that tho plane of separatio n of th e two 

liqmds outs oS from the axis of the cone a fraotion, a / of its 

length 


61, A hody m#s totally vmmorsed xn a given liquid, 
hnng supported hy a string, to find the tension of the sbnng 

The vertical upward forces acting on the body are the 
tension of the string and the resultant vertical thrust of 
the liquid winch, by Art 49, is equal to the weight of the 
displaced liquid The veitical downward force is the 
weight of the body 
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Hence, foi^ equilibrium, -we have 

TensioH^^f the string + wfc of displaced liquid ^wt of 
the body, so that 

Tension of the string = wt. of the body~wt. of the 
displaced liquid 


62. The tension of< tlie string in the previous article 
IS -the apparent weight of the body in the given liquid, so 
that the apparent weight of the body in the given liquid is 
less than its real weight by the weight of the liquid which 
it displaces »/* 

If a body of weight W and sp gr. < be immersed in water the 

It' ir 

weight of the water displaced is — , so that — is the apparent loss^ 
of weight If it be immersed in n liquid of sp gr >' the apparent ' 
loss of weight IB ir 

4f 


This fact 13 of some importance w-hen wo are "weighing” 
a given body by means of a balance or otherwise To 
obtain a perfectly accurate result the wcigliing should bo 
performed vacuo Otherwise there will bo a slight 
discrepancy arising from the fact that the quantities of air 
displaced by the body and by the " weights ” that w'o use 
are diSeicnt Since however the weights of the displaced 
air aio in general' veiy small compared wnth that of the 
body this discrepancy is not veiy great. 

If great accuracy be desired the densities of the body 
weighed and of the weights must be found, and the true 
wreight determined from the apparent weight as in the 
following aiticle 

63. A subsiancCf whose density is p, ts weighed by 
means of weights, the density of which is p , if tr be the 
density of the aiT,Jl/nd what w the tsue weight corvesponding^ 
to any apparent weight. 
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Let W be tbe true weight of the substance, TT^ the 
apparent weight as shewn by the balance, te the sum of 
the “weights” used 

Then, the balance being assumed to be true, the 
tensions of tbe two supporting strings of the scale pans 
are equal, ^e. 

wt of substance - wt of the air it displaces - 


= wt of the “ weights ” — wt of the air they displace. 


te 


W-— o-=Fe-5cr 


W 

P 


( 1 ) 


W 


[For the volume of the substance is — (Art 18), and 

IF 

therefore the weight of the air it displaces is — . c. 

JF 

So the volume of the weights is -A, and thus the weight 

Pff 

JF 

of the air they displace is — ^ <r ] 



The true weight of any substance is thus found by multi- 



plying the apparent weight by the fraction ^ 

1 -^ 

P 


Now, in general, the density of the air is very small 
compared with the densities of the substance and the 
“weights,” that is, <r is very small compared with p and 
p' Thus this fraction 
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= ^1 - + ^ + higher powers of ^ , 
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by the Binomial Theorem, 



squares and higher powers of tr being neglected 

Thus a sufficiently near approximation is in general 

64 Ex An accurate balance ts completely immersed in a vessel 
of water In one scale-pan some glass (sp gr =2 6) is being weighed 
and K balanced by a one-pound weight, whose sp gr is 8, which is 
placed in the other scale-pan Find the real weight of the glass 

Lot the real weight of the glass he IF ll»»«JIlie weight of the 
water which the glass displaces thereforo^^TTs:^^ 

The tension of the stnng holding the scale-pan in which is the 
glass therefore 

=7r_|.Tr=|F 

Again, the weight of the water displaced by the lb wt lb. wt., 
so that the tension of the string supporting the scale-pan in which 
IS the “weight” 

=1 lb wt lb wt lb wt 

Since the beam of the balance is horizontal, the tensions of those 
two Btnngs must be the some 

•• W=h 

so that lbs wt. 

This is the real weight of the gloss 


EXAMPLES. XIL 

1, A body, whose wt is 18 lbs. and whose sp gr is S, is 
suspended by a string "What is the tension of the string when the 
body IS suspended (1) in water, (2) in a liquid whose sp. gr. is 2? 
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Let W be the true weight of the substance, TF, the 
apparent weight as shewn by the balance, ^e the sum of 
the “weights” used 

Then, the balance being assumed to be true, the 
tensions of the two supporting stnngs of the scale pans 
are equal, le. 

wt of substance- wt of the air it. displaces - 
= wt of the “ weights ” — wt of the air they displace, 


IT TT 

10 TT-— a-=W^-^o- (1). 

P P 

' TT 

[For the volume of the substance is — (Art 18), and 

W 

therefore the weight of the air it displaces is — «r 

P 

W 

So the volume of the weights is and thus the weight 

Pff 

W 

of the air they displace is — ^ o- ] 



The true weight of any substance is thus found by multi- 

1-5 

plying the apparent weight by the fraction ■ ■■ ■■-. 

1 -^: 

p 


Now, in general, the density of the air is very small 
compared with the densities of the substance and the 
“weights,” that is, o- is very small compared with p and 
p' Thus this fraction 
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^ + higher powers of , 
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by the Binomial Theorem, 


squares and higher powers of tr being neglected 

Tlius a soflicicntly near approximation is in general 

64 Ex An aeeuntU batanee is eomplfttly immeritd in a vetirl 
of water Tn one scale-pan some plast (fp gr =2S) is being wettihed 
and is balanced by a one-pound weight, whose sp. ^ i* 8, which t» 
placed in the other scale-pan Find the real weight of the glass 

Lot tho real weight of the glass be irB»«-JChe weight of the 
water wluch tho glaas displaces thcrefoxo^^lFs^^^ 

The tension of the etnng bolding the scale-pan in winch is tho 
glass thereforo 

=ir_|ir=§Tr. 

Again, the weight of the water displaced by tho lb wt lb wt , 
so that the tension of the string sapporting the scale pan m which 
IS tho “weight” 

ssl lb wt.-^lb wt.=^lb wt 

Since the beam of tho balaneo is horirontal, tho tensions of thoso 
two strings tnnst be tho same 

Fothat ir=f-J=l||lbs wt. 

Tins is the real weight of tho gloss 


EXAMPLES, m 

1, A body, whoso wt is 18 lbs and whoso sp. gr is 3, is 
FU'^nded hy a siring. "What is tlio tension of the string when tho 
body IB suspended (1) in water, (2) in a liqmd whoso sp. gr. is 2? 
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2. Water floata upon mercnij whose sp gr is 13, and a mass of 
platinum whose sp gr is 21 u hdd suspended by a string so that 
'^ths of Its volume is immersed m the mercnry and the remainder of 
Its volume m the water Prove that the tension of the stung is half 
the weight of the platmnm. 

3 A piece of silver and a piece of gold are su^ended from the 
two ends of a balance beam which is m eqnihbnnm when the silver 
IB immersed m alcohol (sp gr = 85) and the gold m nitnc acid 
(sp gr =1 5) The sp gis of s'lver and gold being 10 5 and 19 3 
respectively, find the ratio of their masses 

4 If the sp gr of iron be 7 6, what will be the4pparent weight 

of 1 cwt of iron when weighed in water, and how many lbs of wood 
of sp gr 6 wiU be reqmred to be attached to it so that the joint body 
may just float? ‘ 

5, A Bohd, of weight 1 oz , rests on the bottom of a vessd of 
water; if the thmst of the body on the bottom be ^ oz , find its 
sp gr 

^,6 A body, whose volume is 30 cub cms and sp gr 1 5, is placed 
• m a vessd and just covered with water What is its thinst upon 
the bottom of the vessel? 

7, A mixture of gold (sp gr 19 25) and silver (sp gr 10 ^ lost 
one-fourteenth of its weight when weighed m water , find the ratio 
of the volumes of the two metals 

8, A pece of lead and a piece of wood balance one another 
when weighed in air, which will really weigh the most and why? 

9, The mass of a body A is twice that of a body B, but thdi 
apparent weights m water are the same Given that the sp gr. of A 
is find that of B 

10 A vessel containmg water is hung vertically from the end of 
a ^nng balance, and_n body suspended from the end of a second 
spnng balance is immersed in the water How are the readings of 
the two balances altered? 

11. A cyhndncal vessel stands on a table and contains water , a 
piece of metal of given volume is dipped mto the water, bemg 
supported by a stnng How is the pressure on the base afiected 

(1) when the vessel is full, and 

(2) when the vessel is not full ? 

In the second case, what is the diange? 
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12. A block of wood, of ^olnn]o 26 cub ins , flonls in water with 
Iwo-thirds of its yolumo immorsed , find the volnmo of a piCLC of 
metal, wrho^o sp gr is 8 times that of the wood, which, wlion bus 
pended from the lower part of the wood, would cause it to bo just 
totally immersed "When tins is the case find the upward force which 
would hold the combined body just half immersed 


13. A cylindrical bucket, 10 ins in diameter and one foot high, 
IB half lilted witli water. A half linndrcd weight of iron is suspended 
by a tlun wire and hold so that it la completely immersed in the water 
without touching the bottom of the bucket Subsequently the wire 
is rcmoicd and the iron la allowed to rest on the bottom of the 
bucket By how mneh will the ihruRt on the bottom bo increased 
in each case by tho presence of tho iron? 

[The maaa of a cubic foot of iron is 440 lbs ] 

\ If H'', bo the weights of a body in vacuo and water 

rospcctiTcly, prove that its weight in air of sp gr. s will bo 

^ ^5. If tho sp gr of air bo » and B', ir' be tho weights of a body 
in air and water rcapcctiroly, prove that its weight in %nouo is 


/ 


If ir,, iCj, iTj be the apparent weights of a gnen body in 
fluids whoso epccific grautica arc Si, Cj, $,, then 

'Z 17. Two Bohdb are each weighed in succession in throe homo* 
gcncous liquids of different densities , if tho weights of tho one are 
Wj, Wj, and IC3 and those of tho others are IT,, If pro\o 
that 

tri(ira- »r,(TFi-ir,)=0. 


65 If a body bo totally immorBcd in n liquid whoso 
specific gravity is gi cater than that of the body, tbo 
resultant vortical thrust on tho body is greater Ilian its 
weight, and tho body will ascend unless prevented from 
doing so 

Ex 1 Apiece of mod, of weight 12 lbs and sp gr w tied by 
a string to the bottom of a vessel of water so as to be totally immersed, 
mat u the tension of the string f 
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Smoe 

wt of •ffater' displaced by the wood _ sp gr of water 
wt. of the wood ~ sp gr. of the wood 

wt of the displaced water =1^x12 lbs wtr=161bs wt. 

For eguihbrmni we most have 

Tension of the string +wt of the wood 
=wt of the displaced water 
tension of the strings: 16 - 12=4 lbs wt 

Ex 2 The -matt of a balloon and the gag which it contains is 
3500 lbs If the balloon displace 48000 cub ft of air and the mass of 
a cub ft of air be 125 ozs , find the aeeeletation with which the 
balloon commences to ascend 

The weight of the air displaced by the balloon = 48000 x 1 25 oz wt 

=3750 lbs wt 

Hence the upward force on the balloon 
=wt of displaced oir-wt of balloon 
=250 lbs wt =250p ponndals 

initial accderation of bEdloon= ^ , 

mass moved 3500 14 


EXAMPLES Xin. 

1, A piece of cork, weighing 30 grammes, is attached by a string 
to the bottom of a vessel Med with water so that the cork is wholly 
immersed If the sp gr of the cork be 25, find the tension of the 
etrmg 

2 A block of wood, whose sp gr is 8 and weight 6 lbs , is 
attached by a string, which cannot bear a strain of more than 2 lbs. 
wt , to the bottom of a barrel partly filled with water in which the 
block IB wholly immersed Flnid whose sp gr is 1 2 is now ponred 
into the barrel, so as to mix with the water, nntil the barrel is fuU. 
Prove that the strmg will break if the barrel were less than two-thirds 
foil of water 
■> 

'' 3. A cylinder of wood, whose weight is 15 lbs and length 3 ft , 
floats in water with its axis vertical and half immersed m water. 
'What force will bo required to depress it six inches more? 
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4 Alitreorflirconlam5l29grm6 nudalitrcof coal-g&s 52gims. 
A balloon contains 4,000,000 litres of coal-gas and tlic mass of the en- 
velope and its appendages is 1,500,000 grms 'What additional weight 
will it be able to sustain in the air? 


5, A balloon containing 10 cnb ft of hydrogen is preiented 
from nsing by a stnng attached to it Find the tension of the 
string, a cnb ft of air being assumed to weigh 1 25 ozs. and the 
sp gr of air being 14 0 tunes that of hydrogen 


6. The Tolnmc of a balloon and its appendages is 64,000 cub ft 
and its mass together with that of the gas it contains is 2 tons , with 
what acceleration will it commence to ascend if the mass of a oub ft 
of air be 1 24 ozs ? 

7. A tnangnlar lammn ABC, of which the sides AB, AG are 
cqnal, floats in water with BC vertical, and three quarters of its 
length immersed, being kept in cqnilibnum in tliis position by means 
of a string fastened to A and the bottom of the vessel Find the sp 
gr. of the lamina, and shew that the tension of the stnng is ^th of 
the weight of the lamina 






Condttions of cguthbrium of a body partly tin- 
^nersed in a liquid and mppoiicd by a stnng attached to 
some point of if. 



Let P be the point of the body at vvhich the stnng is 
attached, and let T poundals be its tension 

Xiet Y be the volume of the body, to its wt per unit of 
volume, and G its centre of gravity * 

Jjet Y be the volume of the displaced liquid, id its wfc, 
per unit of volume, and G' its centre of gravity. 
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Let the vertical lines through P, G, and 6' meet the 
surface of the liquid in the pomts A, B, and G. 

The vertical forces acting on the body are 


(1) the tension T acting upwards through A, 

(2) the weight Yw acting downwards through B, 

and (3) the resultant vertical piessure FW acting up- 
wards through G (Art 49) 


Since these three forces are in equilibrium the points 
A, B, and G must be in the same straight hue, and also, 
by Statics, Art 53, we must have 


and 


T+ FW= Yw 
Y'ia' X AC =:Ywx AB 


W. 

(«) 


Er A uniform rod, of length 2a, floats partly immersed in a 
liquid, being supported by a string fastened to one of its ends If the 
density of the liquid be I- times that of the rod, prove that the rod mil 
rest with half its length out of the liquid 


Find also the tension of the string 

Let LSI be the rod, N the point where it meets the liquid, G' the 
middle point of MN, and O the middle point of the rod 

Let w be the weight of a unit volume of the rod and ^w that of 
the hquid. 



Let the length of the immersed portion of the rod he x, and h the 
sectional area of the rod 

The weight of the rod is it 2a w and that of the displaced hqnid 
IS A. 1C 


EQUILIBRIUM OF FLOATING BODIES 81 

If T bo tbo tcnoion of tbo Rtring, tbc conditions of cquilibnnm nra 
2’+ A X ^ir=s2n t to *•« • • (1). 

ftnd i X ^tDxAC=2a.f, wxAB (2). 

Tbc second cqoAtion gives 

2xAli LQ a 
8a~ AC~La'~2a-\x* 

«3 

A a*-4fli+8<i*=0 

Hence *=fl, tbe larger solntion 8a of this equation being olcarl; 
inadmiBKiblo 

Hence half tbc rod is nnmersed 

Also, sttbbtitntmg this value m (1), tvo Lato 

2r:=*A.a.jc=^ wt. of tbo rod. 


I EXASEPIiES XIF. 

\ 

J i, A nniform rod, six feet long, can novo about A fulomin which 
is above tbc furfcce of tome urtcr. In tbe position of cqnihbrium 
four feet of tbo rod are inuncTsed ; prove that its up. gr. xs 

\ 2 A uiiifonn ro<l ik susiwiided bj two vertical strings attached ^ 

t<^its cstrcmilios and lialf of it is iintncrsed in water , if its sp gr bo 
^5, prove that tbc tensions of tbo btnugs will be ns 9 : 7 


TO/ 

f 


3 A iiniforni rod cnpsblo of taming about one of its ends, 
which is out of tbo water, rests inclined to tbo vertical with ono- 
third of its length in some water, provo that its sp gr. is ^ 


\ 4. A nniform rod, of length 2a, can turn freely about ono end 
which IB fixed at a height /ij<2a) above the surfneo of a liquid, if 
tbo dcnritics of tbc rod and liquid bo p and a, show that tbo rod can 
rest either m n vortical position or inclined at an angle 0 to tbo 
vortical such that 


cobOsz 


2a 
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Stability of equilibrium 

67. When a body is floating in liquid we have shewn 
that its centre of gravity G and the centre of buoyancy H 
must be in the same vertical line [Art 57 ] 

Now let the body be shghtly turned round, so that tJje 
line BG becomes inclined to the vertical The thrust of 
the hquid m the new position may tend to brmg the body 
back into its original posilaon, in which case the equihbnum 
was stable, or it may tend to send the body still further 
from ite original position, in which case the equilibnum 
was unstahle. 




Fio 2 Fio 8 


The diflerent cases are shewn in the annexed figures. 
Ijig 1 shews the body m its original position of equilibrium; 
in T^gs 2 and 3 it is shewn twisted through a small angle. 
In each case H' is the new centre of buoyancy and M'Mts 
diawn vertically to meet HG in M 

In Fig 2, where the pomt Jf is above G, the tendency 
of the forces is to turn the body in a direction opposite to 
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that m which the hands of a watch rotate The body will 
therefore return toward its original position and the equi- 
librium uas stable 

In Fig 3, where the point M is helofrn G, the tendency 
of the forces is opposite to that of Fig 2 The body will 
therefore go further away from its original position and the 
eqmlibrium was unstable 

[We have assumed that, in the above figures, the vertical 
Ime through S' meets EG, this is generally the case foi 
symmetrical bodies ] 

It follows that the stability of the equilibrium of l^e 
above body depends on the position of M with respect to G 
On account of its importance the point I/lias a name and 
IS called the Metaccntre It may be formally defined as 
follows 

68. Metacentre Def If a body float fredy, <md 
he shghd/y dzsplaced so that it dtsplaces the same quantity of 
Ityuid as before, thepovtU {%f there be one) tn which the 
vertical line through the new centre of buoyancy meets the 
line joining the centre of gravity of the body to the original 
centre of buoyancy is called the Metacentre 

The body is in stable or unstable equihbnum according 
as the hictacentie is above or below the centre of gravity 
of the body 

It follows therefore that, to insure the stabihty of a 
floating body, its centre of gravity must be kept as low as 
possible Hence we see why a ship often carries ballast, 
and why it is necessaiy to load a hydrometer (Art. 80) at 
its lower end 

In any given case the determination of the position 
of tlie Metacentre is a matter of considerable dificiculiy. 
Tins position depends chiefly on the shape of the vessel 

6—2 
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69 If the portion of the solid winch is in contact 
■with the liquid is spherical, it is clear that the centre of 
this spherical portion is the Metacentrc For the pressure 
at each point of the spherical surface is perpendicular to the 
surface and so passes tlirongh the centre, hence the total 
thrust passes always through the centre, and therefore the 
centre is the Metacentre 

In this particular case the equihbnum of the body for 
small displacements arill be stable or unstable, according os 
its centre of grants* is below or above the centre of the 
spherical portion [Cf. Slatics^ Art 129.] 

EXAMPLES XV. 

\ 

1 A wooden ball is floating in ■water , shew tbat its cqtulibnnm 
■will become unstable if onj weight, however Email, bo placed upon it 
at its highest point 

2 A Eohd body consists of a nght^ cono joined to a hemisphere 
on the same base and floats with ^e'sphencal portion partly un> 
mersed , prove that the greatest height of the cone consistent mth 
stahflitv 13 tunes the radius of the base 

3 A hollow buoy is made of a hemisphere and a cone jomed at 
their bases, the thic^css of the metal beihg the same thronghout. 
Shew that it can float in stable equilibrium ■with the cone uppermost 
if the semi-vertical angle of the cone he 45° bnt not if it be 30° 

4. A body consists of a cylmder jomed to a hemisphere on the 
came base, and floats with the spherical portion partly immersed m 
water; And the greatest height of the cylinder consistent ■with stabih^, 

(1) if the body be eohd and bomogeneons, 

(2) if it be hollow and made of metal which is of the same 
smw thickness throughout 

**70 Some harder examples on the subject of this 
chapter are appended; 

Ex 1 A eyhndneal b teket with vrater in it baJanees a mass M by 
means of a slnny passing over a pulley A piece of corJL, of r'oss n 
and sp gr <r, ts tnen tied to the middle point of the bottom of the hueiet 
so as to be totally immersed Prove that the tension of the stnrg 
attadhed to the cork ts 

2Vi»g n 

2M+a \e~ J 
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Let /bo tho occclcration with which the bachet desconds, so that 


mff 

‘2M+m' 


■ • »••• •« «• (1) 

{Dynamics, Art 74 ) 

Donng tho motion lei T be the tenBion of the stnng, and P the 
resultant rcrtical thmst of the liquid on tho cork 

. mfs^my+T-P . .... ( 2 ) 

Now if the cork were remored and replaced bj an equal volumo. 


— , of water, this thmst P together with tho weight of — would 
c <f 

give it the accclciation /. 


m 


m.m „ 

•* 

c <r 


••• • • • •• (3) 


Bj subtracting (3) from (2), wo hare 

•• ’^=”‘’-■^(5-0=8^. (rO- 


Ex S. Jn the previous ezampte, shew that the pressure at the 

lowest point of the curved turface of the huchet will he ^ than t( 

was onyinally, according as the volume of the cork has to the volume 

of the water a ratio ^ * L 

<2iu 


Let h be tho depth of tho water onginollj, and JT afterwards, and 
let a be the radius of the bucket; let v and V be the rolumcs of the 
cork and water respectivoly, so that V=va"h 

Then ram=v+V, 

and .• H h -r+F V. 

Tho prcEsnro at tho lowest point of the onrreS snrfnco originally 
=10 . h, and the pressure when there is motion 




[Dynamics, Art 80 ] 


zswh 


sswh. 


VJ;_V 

V 

o+r 




-.»? 1 

24/+ mj 


24/ 


V 23f+CT' 
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This 18 greater than before if 

2iir(t>+r)>(2jlf+»0F, 

r d if 2Jlf»»nF, 


t e. if 


t> nt 
F^Mf* 


Ex 3 A reetanffle, movable about an angular point lehteh it fixed 
below the surface of a liquid, floats with its sides equally inehned to 
the vertical and with half its area tmmersed tn the liquid Jf the 
lengths of its sides be a and b, and one of the sides of length b be 
entirely immersed in the liquid, shew that the ratio of the density of 
the body to that of the liquid is a— b 4a 



Since half of the rectangle ib in the h^md, the Eurface KL of the 
liq.aid paeses through G the middle point of the rectangle Lot 
xs=DK, and draw KN perpendicular to AB Smeo NK, NL arc 
equally inohnod to the horizon, 

NL=IiK=b 

.. ^a&=rcct AKdr ^dCNJ[*~x 


ar= ■ 


0-6 


and AL= 


0+6 


Lot p and v he the densities of the rectangle and the liqnid. 

The weight IF of the rectangle =:o6p, and acts vertically through G 

The resultant vertical thrust of the liquid is equivalent to the wt 
of the amount ANKD acting vertically through the middle point of 
AK, and the weight of the amount NKL acting at its centre of 
gravity 

The weight W of ANKD of hqmd=6x e=^b [a~b)9 
The eight IF" of JTWL of hquidss-JiCW NL o-=j6*y. 
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Also, as in Statics, Art lOt, W" acting at tlio centre of gravity of 
KNL IB equivalent to JlT" at each of the angular points E, N, 
and L 

Talking tnoments about A, wo therefore have 
U'x -J^Ccos (ti+45°) 

- = [® cos 45® + AL cos 46° - (6 - x) cos 46°] - TT' x J (5 - *) cos 46®, 

where a = Z JJAC 

.. •^.^<7(coso-8U1 a) = ^ jjc+~- -b+arj-^ W'[b-x) 

. n'(a-b)=^'[4i+fl-6]-Tr(6-®), 

I e. abp(a - b)=:^x8(a-b)~^b(a~b)irx^^~ • 

Iff 3b — a 
op=-^-ir-^. 

a-b ' 

Ap=-^<r. 

N B Tlie artifice of replacing the weight of a triangle by three 
equal forces acting at its angular points is often found useful in 
Hydrostatics 


••inSOELLANEOTJS EXAMPLES. XVI. 


1. A uniform hemisphere, Of weight TT, floats in a hquid and a 
weight te IB placed on the rim , prove that the base will be displaced 

through an angle tan~^ the rim not being submorged 






A thin hollow cone, with a base, floats completely immersed */ 
In water wherever it is placed; shew that the vertical angle is'^ 
2 sin"*^ 


3, Two wooden parallclopipeds, each of sp gr and weighing 
100 and 60 lbs respectively, are floating in water, and a bar rests on 
them supported by iron pins fired to the middle points of the upper \ , 
surfaces of the pieces of wood , if the bar weighs 100 lbs and 'its ■ 
centre of gravi^ bo onc>fourth of its length from the pm on the 
lieavier piece of wood, find how much of each piece of wood will 
remain above the water. 
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4. A pnsm, of ^reiglit W and sp gr ivhoso transTerae aeciion 
IS an isosoeles nght-angled tnanglo, rests mth the rectangular edge 
immersed m irater, one of the remammg edges m the surface of the 
water, and both the upper edges in contact with smooth vertical 
planes , prove that the angle between the uppermost surface of the 
pnsm and the surface of the water is tan~^^ 

A pnsm, whose section is a tnanglo ABG, is made of uniform 
matenal, and floats freely in water with the edge G in the surlaoe , 
prove that its specific gravity is either 

t sm^cosJB ' sinBcosA 

sm G sin 0 


A thin uniform open shell in the form of a nght circular cone 
of vertical angle 60° floats partly immersed in water with its vertex 
downwards and the lowest pomt of its circular base just m the 
surface Show that the Ime joiuing the vertex to this pomt mahes 


an angle tan 




with the honzontal 


[In this case the surface of the water cuts the cone in a curve called 
an elhpse whose centra of gravity is its middle point, the centre of 
gravity of the water displaced divides the straight line joining this 
middle pomt to the vertex in the ratio 1 3 ] 

7. A heavy hemispherical bowl, of radius a, oontainmg water 
rests on a rough inclined plane of angle a , prove that the ratio of the 
weight of the bowl to that of the water cannot be less than 

2smo 

sm ^ - 2 sin a ’ 

where wu’^cos’^ is the area of the surface of the water 

8. A bucket half full of water is suspended by a stnng passing'^ 
over a pulley small enough to let the other end fall into the buoket 
To this end is bed a hall whose sp gr o- is >2 ‘ If the ball do not 
touch the bottom of the bucket and no water overflow, shew that 
equilibrium is possible if the weight of the ball he between IF and 

-Y— IF, where IF is the weight of the bucket and water 

A 


9 Two buckets contain water, the mass of each with the water 
in it being M, and they balance one another on a smooth pulley 
Two pieces of wood, of masses m and m' and spccifio gravities a and 
(F,! are then tied to the bottoms of the buekets so that they are wholly 
immersed , diew that the tension of the stnng attached to m is 


2TO(.af+i7t') 

2M+m+m' ^ \<r J 
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10 . A (qrlmder, of height h and density^ p, floats mth its axis 
vertical in a hgnid of density a^; if now 'the density of the air 
increases from o-j to a-g, find by now much the cylinder will nse 
or sink. 


11. A rod floats npnght partially izoinersed in a homogeneous 
hgnid. Prove that a small increase of atmo^henc density mil 
produce a small rise of the rod proportional to the square of the 
length of the nnimmersed portion. 

12. A cylindrical piece of cork, of height is floating with its 
axis vertical in a basin of water If the basin be placed under the 
receiver of an air-pump and the air be pumped out, prove that the 

cork will sink through a distance ») A, where c and * are 

respectively the specific gravities of air and cork. 

\/ 13. A body floating m water has volumes P^, P 3 , P, above the 
surface when &e densities of the surrounding air are re^eotively 
flu ftit fltf prove that 

, aLZAs+e^Z^+£!-^=o 

J P^ + P 3 + P, 

" It A composition is made of two metals, A and P, the sp. grs. 
of which are and o', respectively The composition weighs a ozs 
in air and b, ozs m water Prove &at the ratio of the volumes of A 
and 3 is 

<rg{a—h)~a a—<ri{a—h) 

. 15. A body, of density p, is weighed by means of weights, of 

density p', (p'>p), the density of the air bemg cr The density of the 
air increases from <r to o' i prove that tiie body weighs less than 

before by a fraction former weight 


16. Assuming the sp gr. of air to be 00125, and that of some 
brass weights to be 8 4, mew that the correction to be apphed to the 
apparent weight of water weighed m a balance by means of these 
brass weights is about 1 per cent. 


17, A, 3, 0 are balls of equal weight A btdances 3 and G ' 
when all are suspended m a hquid of density , 3 balances G,A in 
a hquid of density «r,, C balances A, 3 m a. liqmd of density «r,. 
Fmd the sp gr of A, 3, and O 


18. A tnangular lamina AGB, right-angled at C, floats m a 
hquid of |rds Its density, bemg hinged freely at (7 to a pomt flxed 
below its surface and with AB entirdy out of the hqmd If CA 
make an angle of 30“ with the horizon and CB be bisected by the 
surface of the hqmd, prove that the lengths of OA, 03 are as 2 ^3 
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19. A reotangnlor lamina, ivhose sides are as tJZ 1, can turn 
freely about the middle pomt of one of its shorter sides and this 
point IB fixed below the surface of the liqmd The lamina rests with 
its plane vertical and one diagonal in the surface of the hquid 
Compare the specific gravities of the lamina and hqnid, and prove 
that the pressure on the fixed pomt is two sevenths of the weight of 
the lamina. 

20. ^he oomer A of a uniform square lamina ABGD, whose side 
IB 6 mohes long, is finely hinged at a pomt 4 inohea below &a snrface 
of some water, and the lamma fioats in eqmlibnnm in a vertical 
plane with the corner B m the surface and the edge GB partly 
immersed Fmd the sp gr of the lamina 

21 A rectangle movable about an angular point rests with half 
its area immersed in a hqnid If the angular pomt lie outside the 
liquid and the rectangle float with its sides equally indhn^ to the 
vertical, prove that the ratio of the density of the rectangle to that of 
the liquid is Sb+a * 4b, where a and b are the sides of the rectangle 
and a<b 


22, A uniform rectangular lamina ABGD, of sp gr o- has its 
comer A fixed at a depth e below the surface of some water and the 
ooTnBTB B and G above, and D below, the surface and it can turn 
fireely about A If ABssZb, ADstia, find an equation for 0, the angle 
that AB makes with the surface m the position of equihbrinm 

23 A square lamma, of density />, floats m water, of density e, 
with its plane vertical and one angular pomt below the surface, if 
9tr>32p, prove that there are three positions of equihbrium m two of 
winch neither diagonal is vertical 

24 A sohd hemisphere, which can turn freely about a fixed ho/i' 
zontel diameter of its plane base, just fits mto a fixed hemisphencal 
cup, whose centre is the same as that of the sohd hemisphere and 
whose plane base is honzontal , if the hemisphere be turned through 
any angle, and the cup be then filled with liquid of twice the sp gr of 
the sohd, prove that it will always be m eqaihbnom 

25 A sohd cylinder hangs vertically by a heavy chain and is 
partially immersed in a large vessel of water. The cham passes over 
a smooth pulley and a smtablo counterpoise is attached to the other 
end w^ch hangs freely If the diameter of the oylmder be properly 
adjusted, shew that the equihbnum of the oylmder is nentrid, t e that 
it will rest with any length immersed 

26. A hemispherical bowl rests on the top of a sphere of double 
its radius, and water is slowly pom-ed mto the bowl, prove that the 
equihbnum will be stable until a weight of water, equal to half the 
sreight of the bowl, has been poured m. 
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CHAPTEH VI. 

ON ^^7^IIOPs OF finding the srcciFic gravity 

OF BODIES 

71. In tlip present chapter vre shall discuss some wajs 
of obtaining the specific gravity of substances 

To find the specific graiity of anj substance with 
respect to water,' wo ha\e to compare its weight with that 
of an equal volume of water 

Tlie principal methods are by the use of 

(1) The Specific Gravity Bottle, 

(2) The Hydrostatic Balance, 

(3) Hydrometers, and 

(4) The U-tube 

We sliall consider these four in order. 

72. Specific Gravity Bottle. Tliis * is a bottle 
capable of bolding a known quantity of liquid It is made 
in two forms In (i) the neck of the Lottie is open, and a 
mark is made on the neck up to the level of which the 
bottle 18 always exactly filled In (ii) the bottle is closed 
by a tightly-fitting glass stopper, which is pierced by a small 
hole to allow the superfluous liquid to spirt out when the 
stopper IS pushed homo. 
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(1) To Jmd the specific gravity of a given liquid 
Lot the weight of the bottle when exhausted of air be w 
When filled with water and the stopper put in, let the 
weight be w'. 

When filled with the given hquid let its weight bo u>'\ 
Then 

«/ —w= weight of the water that would fill the bottle, and 
weight of the hquid that would fill the bottle. 



W (“) 


Since uf’—w and vf —vo are the weights of equal quan- 
tities of the given hquid and water, therefore, by Art. 19, 
the sp gr of the hquid is 

id'—va 
V}' —w' 

(2) To find the specific gra/oity of a given solid which is 
vnsohMe in waiter 

Let the sohd be broken into pieces small enough to go 
into the bottle, and let the total weight of the pieces be IF 
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Put the solid into the bottle fill it with water and put 
in the stopper, and weigh Let the resulting weight be v)\ 
Let the weight of the bottle when filled with water only 
be to' 

Then 

ir+w'= total weight of the solid and of the bottle when 
filled with water. 

Also 

«i/'= total weight of the solid and of the bottle when filled 
with water — weight of the water displaced by the 
sohd 

Hence, by subtraction, 

Tr+ to' — to" = weight of the water displaced by the solid 
Therefore W and IT+to'— to" are the weights of equal 
volumes of the sohd and water, so that the required sp gr. 

W 

“ TT+to'-to"* 

In performing the operations described some precautions must be 
taken and corrections made The water should be at some d efini te 
temperature, a convenient temperature is 16° C 

If it were convenient the weighings should take place m vacua 
For, ns explained in Art 62, the air displaced by the weights and the 
bodies weighed has some effect on the result of a delicate experiment 
In practice the weighings take place in air and corrections are apphed 
. to the results obtained 

73 If the body be, like sugar, soluble in water, it 
must be placed in a bquid in which it is insoluble In the 
case of sugar alcohol is a suitable liquid 

Again, potassium decomposes water; it therefore should 
be weighed m naphtha 

IJsmg the notation of the last article, we have m these 
cases 

sp gr of th e solid _ W 
sp gr of the liqmd W+v/ -ti/'‘ 
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Hence, the sp gr of the hqmd being known, wo obtain 
the sp gr of the body 


74 £s 1 A sp gr bottle when filled with water weighs 1000 
grains If S60 grains of a powdered substance be introduced into the 
bottle it weighs 1260 grains Find the sp gr of the powder 

Here 1260 =1000+ wt of Buhstanoe-wt of the water it diBpIaccs 

.* wt of water displaced=wt of Bubstanco- 260=100 grains. 


, wt of substance 360 _ „ 

require sp gr — ^ of displaced fluid ~ 100 ~ 


/> Ex 2 The effect of the air being neglecUd, the sp gr of a solid 
'^body IS found by a specific gravity bottle to be a, if a be the sp gr of 
the air, shew that the real sp gr m <r- o (<r - 1) 

^ Let p be the real sp gr of the body, Vi its volume, and the 
volume of the water that the bottle uould contain Lot D be the 
sp gr of the substanoe of which the ''weights" are made, and to the 
M eight of unit volume of water 

Then to', to" and W bemg the apparent weights, found as in 
Alt 72, we have 

wt in air of bottle +wt in air of tho watcr=wt m air of to', 


ie as in Art 63, 

wt 111 air of bottle +ysio(l-o) = ip' ^1-^^ 
So 


( 1 ) 


wt in air of bottle +wt mairof(F 3 -Fi) of water +wt iiiair 
of F] of the Bubstanoeswt in air of to", 

t « wt in oir of bottle + (Fj- Fj)io(l-o) + Fjto(p-o) 

=,o'(l-i) (2) 

Subtracting (1) from (2), wo have 

-F,to (l-o) + F,to (p-«)=(to''-to') , 

to F,to{p-l) = (to"-to')(l-j) (3). 

Also wt in air of the BabBtance=wt in air of W 


F,w(p-a)=lK(l-§) (4) 

Dividing (3) by (4), we have 

p~l to"-to' 
o-b" W * 
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Kovr from Art 72 (2), tvo havfl o— 


W 

Tr+(te'-tt>")* 


»"_w*=Tr. 


or— 1 
<r 


p-1 o-l 

pZl.- ff » 

A pff-irssp<f~p-a<r+ay 

t.e. p=ff-a((r-l). 


EXAlfflPLES. XVn. 

1. A given BP gr. bottle vreigba 7 95 grama, when fall of water 
it weighs 187 C3 grama and when fall of another Iiqnid 142 71 grains 
Find the up gr. of the latter liquid 

2. When a ep gr. bottle is filled with water at is connteipoised 
bj 983 grains in addition to the conntcrpoise of the emp^ bottle and 
by 778 grama when filled with alcohol; what la the sp. gr. of the 
latter? 


3. A sp gr bottle, full of water, weighs 44 grma and when some 
pieces of iron, weighing 10 grma in air, are lulroduccd into the bottle 
and the bottle is again filled tip with water the combined weight is 
82*7 grros Find the ap gr of iron 

4. A ap gr. bottle completely fall of water weighs 38 4 grma , and 
when 22 3 graa of a certain solid have been introdneed it woigha 
49 8 grma. Find the sp gr of tho aolid. 

5. A sp gr bottle weighs 212 grams when it is filled with water, 
BO grains of mctol are put into it; tho overflow of water is removed 
and the bottle now weighs 234 grams Fmd the sp. gr of the 
metal ' 

6. Shew that the same correction as in Art 7i, Ex. 2, is 
nccotsaiy if tho spccifio gravity of a liquid oe found bj ino,iii8 of the 
specific gravity bottle, tbo effect of iho air having been ncglcotcd. 

76. The Hydrostatic Balance Tins is an ordinary 
balance except that it has one of its pans suspended by 
shorter suspending arms than the other and that it has 
a hook attached to this pan to which any substance can be 
attached 
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(1) To find tho speeijic gravity of a body which would 
sink in water 

Let W be the -weight of the body when weighed in the 
ordinary manner Suspend the body by a fine strong 
thread or -wire attached to the hook of the shorter arm of 
the scale-pan, and' let the body he totally immersed m a 
vessel filled with water 

Put weights mto the other scale-pan until the beam of 
the balance is agam horfiiontal, and let w be the sum of 
these weights 

Then 

ws= apparent weight of the solid m water 
= real weight of the body — the weight of the water it 
displaces 

= IT— -wt of the displaced water 

.* IT— w = -wt of the displaced water. 

Also IT = -wt of the sobd * 

•"* sp gr. 

If the liquid be not water, but some other liquid, then 

W _ sp gr of the body 
W—w~ sp gr of the bquid ’ 

t e the ratio of the sp grs of the body and liquid is the 
ratio of the real weight of the body to the loss of weight of 
the body when immersed m the given bqmd 

(2) To find the apenjic gravity of a body which would 
float in water 

In -this case the body must be attached to another body, 
called a sinker, of such a kmd that the two together 
would sink in water. 
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Hence W—vf and TT— to are the weights of eqnal 
volumes of the hqmd and water. 

. IT— to' . , 

•• required sp gr. 

76 Jolly's Balance consists of a long spiral spring 
carrying two scale-pans, one above the 
other, and is so arranged that the lower 
scale-pan is m water The spring hangs 
in front of a vertical divided scale The 
body, whose sp gr is to be found, is 
placed in the upper scale-pan, and the 
pomt to which the spring is extended is 
noted by means of the scale The body 
IS then replaced by weights sufficient to 
produce the same extension as before, 
and the weight of the body thus deter- 
mined The body is then placed in the 
lower pan in the water, and extra 
weights placed in the upper pan till the 
sprmg has agam the same extension 
as before These extra weights measure 
the loss of weight which the body 
undergoes through bemg placed m the 
water, le they are equivalent to the 
weight of the water displaced by the 
body 

The weight of the body and the weight of the water 
displaced have now been found, and thus the sp. gr. is 
known. 

jpiece of confer weight 9000 grms m atr and 
7987 0 gmu when weighed tn loafer. Find xU t]gee\fic gravity. 
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Horo 

7987 6=:9000-\rt of -water displaced by the copper. 

wt of displaced water =1012 5 

9000 „ A 

required sp gr*=ioi^=8 » 

Er 2 A piece of eork weight 80 grmt in air, when a piece of 
lead IS attached the eomhtntd weight in water u 6 grmt , if the weighty 
of the lead in water he 96 grmt , what t» the sp gr. of the eorht 

If w be the wt of lead m air, 

the wt of -water displaced by the lead and cork 
=ic+ 30 -combined wt in watcr=w+30-6=u)+24. 

So wt of water displaced 1^ the lead=tc - 96 

Hence the weight of water displaced by the cork 
=(w+ 21) -{10-96) =120. 

sp gr of thecork=^ = i. 

Ex. 3 If a ball of platinum weigh 20 86 ozt tn air, 19 86 in 
water, and 19*36 in rulphune acid, find the sp gr. of the platinum and 
the tulphune acid 

Wt of the nater displaced by the plntinnm 
=20 86 -19 86=1 oz. 

Wt. of the snlphuriG acid displaced by the platinum 
=20 86 — 19 36=1*5 ozs 

Hence the sp gr of the platinum =20 86, 

and the sp gr of sulphuric Bcid=^^^-^^=1 6 

1 oz 

78. If the substance -whose specific gravity is to be 
determined is, like sugar, soluble in water or if it absorbs 
water, it may be coated -with wax 

Ez Some sugar weighing 68 grammes is coated with 11 grammes 
of wax whose sp gr to 88 If the whole weighs 26i grammes tn 
water, find the sp. gr, of the sugar 

7— B 
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Weight of \rDiter displaced b; the sngar and wax 

s68+ll- 26^=52^ grammes 

Weight of water displaced by the wax 

1 , 

— -gg X 11 grammeass 12^ grammes. 

weight of water displaced by the sugar 
=62^-12j=:40 grammes. 

• sp gr. of the BUgar*=^=l 7 


EXAMPLES ZVm 

[In Ext 1 — ^17 the ip gr of the atr » neglected ] 

1 If a body weigh 7S2 gims in ait and 252 grms in water, what 
IB its sp gr ? 

2, A piece of flint glass weighs 2 4 ozs. in air and 1 6 ozs m 
water , imd its sp gr 

3, A piece of onpne snlphnto weighs 3 ozs m air and 1 86 ozs 

m oil of turpentine What is the sp gr of 'the onpric sulphate, that 
of oil of turpentine bemg 887 'v 

A It IB required to find the sp gr of potassium which de- 
composes water A piece of potassium weighing 432 3 grms in air 
IB weighed in naphtha, the sp gr of which is 847, and is found to 
weigh 9 grms '^atisthesp gr of potassium 7 

5 A piece of lead weighs 80 grams in water A piece of wood 
weighs 120 grains m air and when fastened to the lead the two 
together weigh 20 grains in water Fmd the sp gr of the wood 

6 A Bohd, which would float in water, weighs 4 lbs , and when 
the solid IS attached to a heavy piece of metal the whole weighs G lbs 
m water , the weight of the metal in water being 8 lbs , find the 
sp gr of the solid 

7 A body of weight 300 grms and of sp gr 6 ha^200 gnus of 
another body attached to it and the ]omt weight m water is 200 grms. 
Find the sp gr of the attached substance 

8, A piece of glass weighs 47 grms in air, 22 grms in water, and 
26 8 grms in alcohol Fmd the sp gr, of the alcohol. 

9 A bullet of lead, whose sp gr is 11 4, weighs 1 09 ozs in air, 
and 1 oz in ohve oil Fmd the sp gr of the olive oil 
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10. A ball of glass -sreighB 665 8 grammes in air, 465 8 grammes 
in is’ater and 297 •6 grammes in snlphano acid. VTliat is tbe q) gr 
of tbe latter? 

11. A piece of sngar weigiung 40 grammes is coated with 
5 76 grammes of wax whose sp gr. is *96 II the whole weighs 
14 76 grammes in water, find the sp.-gr. of the sugar. 

12 Some copper weighs 72 grammes and is coated with 
18 grammes of wax whose sp gr. is 9 If the whole weighs 
62 grammes in water, find the sp gr of tne copper. 

13. A piece of marble, of sp gr 2 84, weighs 92 grms in water 
and 93 5 grms in oil of turpentme. Find the sp gr of the oil and 
the Tolnme of the marble 

14. A body IS weighed in two ligmds, the first of sp gr 8 and 
tbe other of ep gr. 1 2 the two cases its apparent weights are 18 
and 12 grms respeetivelr Fmd its true weight and sp gr. 

15. The apparent weight of a sinher when weighed in water is 
5 times the weight in Tacuo of a portion of a certain substance ; the 
apparent weight of tne sinker and sokstance together is 4 times the 
fame weight, find the sp gr. of the substance. 

16. A given body waghs 4 times as much in air as in water and 
one4hird as much again m water as in another hqmd. Find the sp 
gr. of the latter hquid. 

17. The crown used by the Stuart Sovereigns which was destroyed 
in toe 17th century was said to hare l^cn made of pure gold (sp. gr 
=19 2) and to have weighed 7^ lbs How much did it weigh in 
water? 

If It had been of alloy, partly silver (sp gr.=10o} end partly 
gold, and had weighed 7^ lbs in water, how much of each metal 
would it have contained’ 

18. The sp gr of a body found by the Hydrostatic JBalance, the 
observation being in air and its eSect neglect^, is «•; prove that this 
result IB really too great by o («■ - 1), where o is the sp gr of air. 

i ^ 

vf 79. Sydxometers. A hydrometer is an instrument 
which, being floated in any liquid, determines the 
sp gr. of the liquid. There are various forms of the 
hydrometer j we shall consider two, viz. the Common 
Hydrometer and Kicholson’s Hydrometer. 
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80. Common Hydrometer This consists of a 
straight glass stem ending in a bulb, or bulbs, the 'lower of 
which is loaded with mercury to make the instrument float 
with its stem verticaL 

To find Vie specijio gravity of a given liquid. 

When immersed in the given hqiud, let the instrument 
float with the pomt D of the stem at the surface of the 
liquid. 



When immersed in water, let it float with the point C 
* of the stem in the surface of the water 

Let V be the total volume of the instrument and a the 
area of the section of the stem, this section bemg constant 
throughout the stem 

When immersed in the first hquid, the portion of the 
stem, whose length is AJ) and whose volume is a. AD, is 
out of the hquid The volume immersed is therefore 

Y—a.AD 

Similarly, when placed in water, the volume immersed is 
r-a AO 

In each case the weights of the displaced hqmds are 
equal to the weight of the instrument, so that the weights 
of the hquids are the same 
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Hence, if « be the sp gr of the liquid, we have 

8(J-a.AE)=7-a.AG. 

, _ V—a.AG 
r-a.AD' 

In practice the instrument maker sends out the common 
hydrometer graduated by marking along its stem at difiEerent 
pomts the sp grs of the liquids in which the given instru- 
ment would sink to these points 

A hydrometer to shew the sp grs of liquids of all 
densities would have to be inconvemently long Hydro- 
meters are therefore usually made in sets to be used for 
liquids specifically lighter than water, for medium liquids, 
and for very heavy hquids respectively 

81. Let 0 be a point on the stem of the hydrometer, 
produced if necessary, such that the volume of the length 
AO of the tube is equal to F, the total volume of the 
hydrometer 

Hence V=a.AO 

The result of the previous article then gives 

V-a AC 
^~V-a.AD 

a AO— a AG 
**o AO— a AD 

_OG 
~OD' 

Hence OD=^^, 

8 


o 

D 


O 
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The hydrometer may be then theoretically graduated 
thus , Let C be the point at which the instniment would 
float in water, let 0 be the point on the stem or stem 
produced, such that the volume of the length 00 of the 
stem is equal to that of the water displaced by the instru- 
ment when floatang in water, then the graduation D 
correspondmg to any sp gr « is given by 

8 

It follows that for values of the sp gr s in Arithmetical 
Progression the distances OD are in Harmonical Progression, 
whilst if the distances 01> are m A p the correspondmg 
sp gr are m H p 

There are thus two types of the common hydrometer , 

(1) Twaddell’s hydrometer, used m England Here 
the values of a ascend m a p. (e^ 1, 1 025, 1 05, 1 075, ) 
and the correspondmg values of OD descend in n p , so that 
the marks of graduation become closer together the lower 
they are on the tube 

(2) Beaum4’s hydrometer, used on the Contment 
Here the values of OD are m aTp so that the distances 
between the marks of graduation are the same , the corre- 
sponding values of s are now m n p 

82 Ez 1 The whole volume of a common hydrometer u 6 cubic 
inches and the stem, which t« a square, xs ^ inch tn breadth, it floats 
in one liquid with 2 inches of xts stem above the surface and in another 
with 4 inches above the surface Compare the speeiflc gravities of the 
liquids 

In the first liquid the yolnme immersed 


1 191 
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In tho second lujoid tho volume immersed 

Hence, if »| and Sj bo the required epeoifio gravities, ue have 

m 

82 


101 _190 


100 191. 


Ex 2 The ttm of a common hydrometer u eytindneal, and the 
highest graduation corresponds to a speetfie gravity of 1 whilst the 
lowest corresponds to 12 What tpeetfie gravity will correspond to a 
point exactly midway between these divisions * 

Take the notation of Art 81. Let C and D be tho points which arc 
in the Eurfacc of the hqmd when tho spccibo gravity of tho latter is 1 
’ OC 

and 1 2 rcfipectiTcly, so that 02)=£^ ** (1) 

Iict Z>. bo tho pomt half.way betwcon C and D, and o the corro 

OC? 

Epondmg Bpooific gravity, BO that 02>) =: — , v.» (-) 

^s=oi>,«i{Ocr + OH) =^[o«7 +^] • 

.* p=l+5=-y-,Bothnt«r=-Jt=10i^ 

This rosult it will bo noted ie not hnlf>way botwcon 1 and 1 2. 

More gODcmlly, if «, and ^ bo Uio apccilio gravities corresponding 
to any two graduations of tho common hydrometer, tbon tho sp gr , r, 
corresponding to tho graduation which is half-way botwocn theso two, 
IS given by 

2-1 1 

7 »s • 

83. Nicholson’s Hydrometer. Thia hydrometer 
consists of a hollow metal vessel A which supports by a 
thin stem a small pan B on which weights can be placed 
At its lower end is a small heavy cup or basket (7, which 
should be heavy enough to ensure stable equilibrium ivhen 
the instrument is floated in a liquid 

Tho instrument may bo used to compare tho sp. grs of 
two liquids and also to find tho sp gr. of a solid. e, 
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On the stem is a well-defined mark D, and the method 
consists of loadmg the instrument till it smks so that this ' 
mark is in the surface of the two hqmds to be compared. 



(1) To Jmd the sp gr of a given liquid. 

Let W be the weight of the instrument Ijet to be the 
weight that must be placed on the pan R, so that the point D 
of the instrument may float m the level of the given liqmd 
Let to^be the weight required when water is substituted 
for the given liquid 

In the first case it follows, by Art 67, that 17+ to is 
the weight of the liquid displaced by the mstrument 

So 17+ tOj IS the weight of the water displaced by the 
instrument 


Hence 17+ to and 17 + tOi are the weights of equal 
volumes of the given liquid and water 

The reqmred sp gr therefore = • 


(2) To find the sp gr of a solid body 
Let to, be the weight which when placed in the pan B 
will sink the instrument in water to the pomt D 

Place the sohd upon the pan and let the weight now 
required to nink the instrument to 2> be t<^ 
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The •weight of the solid therefore = tc^— Wj. 

Now place the solid in the cup C underneath the water, 
and let Wx ho the weight that must be placed in to sink 
the instrument to E, 

The wt. of the solid together with has therefore the 
same eiTcct as the •wt. of the solid in water together 
•with 

wt. of the solid + tOj 
= wt. of the solid in water + Wg. 
w, — tu, = wt of the solid - wt of the solid in water 
= wt of the water displaced by the solid 

(Art. 62.) 

Also Wi 7 - w, » •wt of the sohd. 

, , ^ = the required sp. gr. 

It will bo noted that o Nicholson’s Hydrometer always 
displaces a constant volume of hquid, whilst the Common 
Hydrometer olways displaces a constant weight of liquid 


84 Ex 'NtehoUon't Hydrometer when loaded with 200 grains 
in the vpper pan sinhs to the marked point tn water; a stone xs 
placed tn the upper pan and the weight required to sink it to the 
same point is 80 grains, the stone is then placed in the lower pan and 
the weight required is 128 grains , find the sp gr of the stone 

The weight of the hydrometer being W grains, the ivoight of the 
fluid dieplaccd le equal to 

(i) 7r+200, 

(u) IF+ 80 + wt. of stone, 

and (m) jr+ 128 +wt of stone in water. 

ir+200s=ir+80+wt. of stone 

=Tr + 128+wt of stone m water. 

/, 120s:wt of stone (1) 

72=wt. of stone in water 


=120 - wt of water displaced by stone . (2) 


required sp. gr = 


wt of stone 120 

wt of water displaced by stone 120 — 72 


1 ?® 

48 
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EXAMPLES. XIX. 

1 A common hydrometer ^veighs 2 ozs and is graduated for 
Ep grs varying from 1 to 1 2 What should be the volumes in oubio 
ms of the portions of the instrument beloiv the graduations 1, 1 1, 
and 1’2 respectively? 

2. When a common hydrometer floats m vrater -^ths of its 
volume IS immersed, and when it floats in. milk of its volume 
IS immersed, what is the sp gr of milk? 

3. A hydrometer floats m a hquid of sp gr 12 and then 4inohes 
of its stem are exposed , if m a hquid of sp gr 1 4 eight inches are 
exposed, how much will be exposed if it floats m a liquid of density 

1 d? 

4. The sp gr corresponding to the lowest mark on the stem of a 
hydrometer is 1 6 Wliat is the sp gr oorresponding to the highest 
mark if the leadmg half way between the two is 1 8 ? 

-J 5 The volume of a common hydrometer is 12 oub ems and its 
weight IB 9 grammes How much of it will be unimmersefl when it is 
put into a hquid of sp gr 85 ? 

v) 6. h. common hydrometer has a small portion of its bulb rubbed 
ofl from frequent uso In consequence when placed in the water it 
appears to indicate that the sp gr of water is 1 002 , find what 
fi action of its weight has been lost 

7. There are three hquids A, B, G, a hydrometer of vanable 
immersion is placed in them successively , it floats with 2 inches of 
its stem out of A, with 3 inches out of B, and 4 inches out of <7, the 
sp gr of A bemg 8 and that of B 85, what is the sp gr of G1 

8. A Nicholson’s Hydromotor weighs 8 ozs The addition of 

2 ozs to the upper pan caures it to smk in one hquid to the marked 
point, while 5 ozs are required to produce the same result m another 
liquid Compare the sp grs of the hqmds 

9. A Nicholson’s Hydrometer, of weight 4^ ozs , requires weights 
of 2 and 2| ozs respectively to sink it to the fixed mark in two 
diilerent hqmds Compare the sp grs of the two hqmds 

\ 10 A. Nicholson’s Hydrometer is of weight 8|- ozs , and a weight 
'^f ozs IS necessary to sink it to the fixed mark in water What 
weight will be required to sink it to the fixed mark in a hqmd of 
density 2*27 
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11. A ccrt&in solid is placed in ibc upper cap of a Nicholson’s 
Hydrometer, and it is then found that 12 gmins are required to sink 
the instrument to the fixed mnik, when the solid is placed in the 
lower cup IG grams arc required, and when the sobd is taken away 
altogether 22 grams are required , find the sp gr of the solid 

12 The Standard reiglit of a Nicholson’s Hydrometer is 12d0 
grains A small substance is placed m the upper pan and it is found 
that 530 gmins are needed to sink the instrument to the standard 
point, when the substance is placed in the lower pan G20 groins arc 
required What is the sp gr of the substance? 

13 In a Nicholeon’s HTdrometer if the sp gr of the weights be 
8, what weight must bo placed in the lower pan to produce tho same 
ellect as 2 ozs in tho upper pan ? 

A •• 

O"' ' 14 The rp gr. of a body found by aJKiehoUon’s Hydrometer tt a 
'"when the efeet of the axr neglected, prote that the real tp gr, u 
ff-a{e--l), vohere a » the epectfie grauty of air Also, if W be the 
apparent ivexghl of the body at found from the experiment, find itt 
real xeexght 

Let Z) and p be the real sp gr of the " weights ” and the body , 
lot 10 ,, w,, IT, be as in Art 83, ond let IF, be tho real weight of the 
body ana IF, the weight of the mstruincnt 


As m Art 63, II = 10 .- 10 - and 

* ir,-io. 

The esporiment being performed as in Art 83, wo liavo 


ira+ir, (l- of tho water displaced, 

^ + lFi ^l- 2 ^=wt of tho watti displaced, 

«na' „• 

■ . by mblraMiou, If, ^1- . |i), 

nna . (2). 

, by division, = — LTjfg-y 

i-a 10,-10. 

p=m <r(l-a)=<r-a((r-l), 
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Also (1) gives 

1-^ 

TFi=W — 2 .= 

1-5 

- «r(l-a) 

="'(‘-5 

[We have neglected the freight of the air displaced by tbe nn 
immersed portion of the instrument, this is constant and thus, 
like JTg, docs not appear in equations (1) and (2) ] 

15 If a common hydnomcter bo accnrately graduated for use in 
a vacuum, show that the error due to nsing it in air of sp gr. er 'wiU 
be an apparent inorease of ir' of speoifio gravity, where is to o' in 
the ratio of the volnme of the hydrometer nnimmersed to that 
immersed 

/ 16 A common hydrometer has a portion of its bnlb chipped off, 
and when placed in liquids of densities a, y it indioates densities 
a', p', y' respeotivoly, prove that 

y'ap{a'-pr) 

' a'p' {a-p)-y'[ap'-a'p)' 

85 U tube method If two liquids do not mix there 
IS another method, by using a bent tube, of comparing their 
sp grs. 


W 


H). 


p-a 


[a— a(o--l)] 


) 





ABO is a bent tube having a uniform section and 
straight legs 
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Tho two liquids are poured into the two legs and rest 
with their common surfaces at jD, and with the surfaces in 
contact with tho air at P and Q. 

Let i? be in the leg BC and E tho point of the leg AB 
winch is at the same level as 2). 

Let s, and ho the sp grs of tho liquids 
If who the weight of a unit volume of tho standnid 
substance, tile pressures at E and D are respectively 
JE7P+n and s, . to . ZIQ + II, 
where 11 is tho pressure of tho air. 

For equihbrium these two pressures must bo tho same 
/. «,.to FP + II = «a w,DQ+Tl. 

’s^~EP* 

% e the sp grs of tho two liquids are inversely as the heights 
of their respective columns above tho common surface. 


EXAMPLES. XX. 

1. The lower porhon of a U tobo oontnins morcniy. How xnaiij 
inchos of water must be poured into one leg of tho tube to raiso the 
mercui; one inch in the other, oBsuming tbo ep gr. of mcrouiy to bo 
13 67 


2. Water is ponrod into a U tube, tho lege of which are 8 inobcs 
long, till they are half full As muen oil as ponsible la then poured 
into one of the legs What longth of tho tube does it oconpy, tho sp 
gr of oil being §7 

3. A uniform bent tube consists of two vortical branohes and of 
a horizontal portion uniting tho lower ends of tho vortical portions 
Enough water is poured in to occupy 6 inches of tho lube and then 
enough oil to occupy 5 inobcs is poured in at the other end. If tho 
sp. gr of tho oil bo and the longth of tho horizontal part bo 2 
inches, find where the common surface of tho oil and water is 
situated. 
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4. The lower portion of a U tabe oontams merooxy Some 
liquid IB poured into one of the limbs until it occupies 8 mdhes of 
the tube If the difference of the levels in the two limbs is found to 
be 7 indies and the sp. gr. of meronry is 13 6, what is the sp gr, of 
thehqnid? 


5, The lower ends of two vertical tubes, whose oross sections 
ure 1 and 1 square mches respectively, are connected by a tube and 
this tube and the. two vertical tubes contain mercuiy of qi gr 13 696 
How much water must be poured into the larger tube to raise the level 
of the mercury in the smaUer tube by one inchf 

6 A U tube, the sections of whose arms are 2 sq cms , and 1 sq 
cm respectivdy, is placed with its arms vertical and above the bend 
A quantity of mercury, whose sp gr is 13 65, is poured into the tube 
and 52 cub cms of water are then poured into the wider arm 
Through what distance will the addition of the water cause the 
mercuiy in this arm to descend? 


7 A U tube of cross section a with equal vertical legs contains a 
liquid of density p In the liquid on one side there is floating &edy 
a solid body of volume ah and density ir(<-p) The length -of the 
other leg unoccupied by liquid is e Another liquid of density r (<o’) 
IB then poured into the leg in which the solid is floatmg till that leg 
IB full Shew that the length which is still unoccupied of the other 
leg IS 


r(p-<r) 

{2p~T) 


+ 2c 


P-T 

2p-r' 


86. Hare’s Hydrometer This instrument consists 
of two [loUow vertical tubes connected by a hollow horizon- 
tal tube Q, from the latter proceeds a small tube which 
can be secured by a stopper or other contrivance 

The two vertical tubes have their ends placed in 
the two hqmds A and B, whose sp grs are to be 
compared 

By attaching an air-pump at R, or by simple suction, 
a certain quantity of air is drawn out, so that the pressure 
of the air is reduced from the atmosphenc pressure 11 to a 
pressure n'. 
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The liquids then nse m the two tubes to some such 
levels os E aud F. ' 

Let G and D denote the corresponding levels in the 
\ essels and B and let the heights CE and DF be measured 
Let ^ be the sp grs. of the hquids in the vessels A 
and £. 



By Art 31, wo then have 

I[ = n'+«?s, . GEf 
and ' II=n'+ws, DF, 

s^.GE^b^ DFf 
8a GE 


i.e. 


«, DF* 


giving the ratio of the sp grs of the two liquids. 

If Sj bo a known hquid, say water, then Sa is thus found 

It IS clear that the method of JBnre’s BEydromotcr is 
that of an inverted U tube 


L, u 


8 
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87. Specific gravity Balls A method often adopted 
to find the sp gr of a hquid is to use small glass halls, 
loaded with mercuij, the load being so adjusted that each 
ball just floats in a liquid of a deflmte sp gr. If a number 
of these balls be put into a liqmd, spme will float and some 
will ainV. Probably no ball will exactly float , but generally 
there is not much difficulty in findin g one ball will just ffink, 
and another ball which wiU float with not qmte all its volume 
immersed The required sp gr of the hquid will he between 
the ^ grs denoted by these two. 
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CHAPTER VII. 

ON GASES 

88 "Wb have pointed oat in Art 3 that the essential 
difference between gases and liquids is that the latter are 
practically incompressible whilst the former are very cosily 
compressible 

The pressuio of n gas is measured m the same way as 
the pressure of a hquid In the cose of a liquid the pressure 
is due to its weight and to any external pressure that may 
be appbed to it In the case of a gas, however, the external 
pressure to which the gas is subjected is, in general, the 
cliicf cause which determines the amount of its pressure. 

89. Air exerts a pressure This may bo seen from 
several exporimonts , 

(1) If we put a bladder of air into the receiver of an 
air-pump and exhaust the an from the receiver, the 
pressure of the air inside the bladder is no longer counter- 
acted by that of the air outside the bladder , the blodder 
increases in size and iinally bursts 


8—2 
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(2) If A\e push a glass tumbler mouth dovm wards mto 
water, it will be seen that the level of 
the water insido the tumbler is lower 
than that outside , the pressure of the 
imprisoned air forces the water down. 

(3) An experiment knoivn as that 
of the Magdeburgh hemisphereswasfirst 
made in the middle of the seventeenth 
century Two hollow hemispheres were 
fitted together very accurately, so that 
they were air-tight The hollow inside 
was then eiwhausted of air It was 
then found that very great force was 
necessary to separate the hemispheres 
If they are a foot in diameter, the force 
to be exerted on each is more than 
1600 lbs wt. 

90. Air has weight This may be shewn expen- 
mentally as follows 

Take a hollow glass globe, closed by a stopcock, and by 
means of an air-pump (Art. 137), or otherwise, exhaust 
it of air, and w eigh the globe very carefully 

Now open the stopcock, and allow air at atmospheno 
pressure to enter the globe, and agam weigh the globe very 
carefully 

The globe appears to weigh more m the second case 
than it does m the first case This increase in the weight 
• is due to the weight of the air contained in the globe. 

The sp gr of air referred to water is found to be 
001293, ue the w^ht of a cubic foot of air is about 
1 293 ounces. 
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So at a pressure of 76 cms of mercury the density of 
dry air is 001293 grammes per cub cm. 

•001293 = ^ nearly. 

91. It may bo similarly shewn that any other gas has 
weight and pressure 

The following are the specific gravities of some principal 
gases at 0* C and a pressure of 76 ems of mercury. 


Air 

•001293. 

Oxygen 

•001430. 

Hydrogen 

000089. 

Nitrogen 

001266. 

Carbonic Acid 

001977. 


Hydrogen is hence about one-fourteenth ns heavy as air, 
and thus is very useful for filbng balloons , Carbonic acid 
gas IS much heavier than air, and it may be pouied bke a 
liquid from one vessel into another 

92. Pressure of the atmosphere. 

Take a gloss tube, 3 or 4 feet long, closed at one end B 
and open at the other end A. Fill it carefully ivith mer- 
cury Invert it and put the open end A into a vessel 
DEFG of mercury, whoso upper suiface is exposed to the 
atmosphere liet the tube be vertical. 

The mercury inside the tube will bo found to descend 
till its surface is at a point 0 -whose height above the level 
H of the mercury in the vessel is about 29 or 30 inches 

For clearness suppose the height to be 30 inches The 
pressure on each square inch just inside the tube at H is 
therefore equal to the weight of the superincumbent 30 
inches of mercury. 
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But the pressure at H just inside the tube is equal to 
the pressure at the surface of the mercury in the vessel, which 



again is equal to the pressure of the atmosphere in contact 
with it 

. Hence in our case the pressure of the atmosphere is 
the same as that produced by a column of mercury 
30 mches high 

This experiment is often referred to as Torncelh’s ex- 
periment, and the vacuum above 0 is often called Tornoelh’s 
vacuum 

If the height of the column of meicury inside the tube 
be carefully noted, it will be found to be contmually 
changmg Hence it follows that the pressure of the at- 
mosphere is contmually changing It is, in general, less 
when the atmosphere has m it a large quantity of vapour. 

93 The pressure of the atmosphere may, when the 
height of the column HO is known, be easily expressed in 
lbs wt per sq foot oi sq mch 

For the densitj' of pure mercury is 13 596 times that of 
water, i c it is 13596 ounces per cubic foot. 
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When the height of the column HG is 30 inches, the 
pressure of the atmosphere per sq inch 

=wt. of 30 cubic inches of mercury 


=30 X 


13596 

1728x16 


lbs wt. 


= 14 75 Ibs.wh 

Similarly in centimetre-gramme units, if the height of 
the column be 76 ems , the pressure of the atmosphere per 
sq cm =171 of 76 cub ems of mercury 

=i^t of 76 X 13 596 cub cma of water 


= 76 X 13 596 grammes wt. 

= 1033*296 grammes wt. 

= 1013663 376 dynes 

94. Standard atmo<tpIierus pressure Tlie atmosphere 
IS said to be at standard pre^re when the height of the 
column of the mercury barometer is 76 centimetres and 
the temperature is O’O This corresponds to a pressure, 
as in the pronous article, of about 1013663 dynes per 
square centimetre 

In England the height for the standard pressure is 
usually taken to be 30 inches (=762 ems nearly). The 
corresponding pressure is 14 76 lbs wt per sq inch. 

This standard pressure, depending as it does upon the 
weight of a certain quantity of mercury, is not the same at 
all points of the Earth’s surface ^Dynamiea, Art. 70.) 
Hence it has been suggested that it would bo well to take 
a pressure of one million dynes (le a mega-dyne) per 
square centimetre os the standard pressure Tins would 
correspond to a barometric height which 
1000000 
” 981 X 13 596 
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Large pressures are often expressed in terms of the 
pressure of the atmosphere as the unit. 

95. Height of the Homogeneons Atmosphere. 
If the atmosphere were homogeneous, which it is veiy 
far from being, it would be easy to calculate its height 
The height however of that atmosphere which, if it were 
of the same density as the air at the earth’s surface, would 
I^Ve the same pressure at the earth’s surface as the actual 
atmosphere does, is called the height of the homogeneous 
atmosphere 

The sp gr of air is about 0013, so that its weight per 
cubic foot = 0013 times the wt of a cubic foot of water 
= about 0013 X 62^ lbs wt 

If A be the required height of the homogeneous 
atmosphere in feet, then 

A X density of air=ht of mercury barometer 

X density of mercury 

, density of mercury . 

. A = — 3 — ■ X height of the mercury barometer 

density of air * ' 

13 596 30, ^ 

“-ooir-n’^ 

s 26146 feet nearly 

s= nearly five miles 

The pressure at any point of the earth^s surface is thus 
rohghly equal to whfet it would be if the atmosphere were 
throughout of the same density as it is at the earth’s 
surface, and if it were 5 miles in height 

96 Barometer. The Barometer is an instrument 
for measuring the pressure of the air In its simplest form 
it consists of a tube and reservoir similar to that used m 



THE BAROMETER 


121 


the ejqjeriment of Art 92, and contains liquid supported 
by atmosphenc air The pressure is measured by the height 
of the bquid inside the tube above the level of the bquid in 
the rcsen'oir. 

The bquid generally employed is mercury, on account of 
its great density. Glycenne is sometimes used instead. 

The ordinary height of the mercury barometer is 
between 29 and 30 inches 

If water were used, the height would be about 33 to 
34 feet 


97. Siphon Bdifoiaeter. The usual form of a 
barometer m practice is a bent tube ABC, the diameter 
of the long part JB being considerably smaller thon that 
of the short part BO It is placed so that the two portions 
of the tube are vcrticoL 



The end of the short limb is exposed to the atmosphere, 
and the end A of the long limb is closed. The long lunb 
is usually about 3 feet long and inside the tube is a 
quantity of mercury Above the mercury in the long 
lunb there is a vacuum. 
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When the surfaces of the mercuiy m the two lunbs 
are at P and 0 respectively, the pressure of the air is 
measured by the weight of a column of mercury whose 
height IS equal to the vertical distance between P and 
t e. to the vertical distance PD where 2) is a point on the 
long bmb at the same level as C, 

For, smce there is a vacuum above P, the pressure at D 
IS equal to the weight of a column of mercury of height DP 

A gain, since C and D are at the same level, the pressures 
at these two points are the same , also the pressure of the 
mercury at G is equal to the pressure of the atmosphere 
Hence the pressure of the atmosphere is equal to the 
weight of the column DP 

The tube DP is marked at regular intervals with num- 
bers shewmg the height of the barometer corresponding to 
each graduation 

98. Graduation of a hanrometer In graduatmg a 
barometer there is one important point to be taken into 
consideration, and that is diat if the level of the mercury 
in BA rises the level of that in BC must fall The required 
height of the barometric column is always the difierence 
between these two levels 

Suppose the section of the part BA to be uniform and 
equal to -^th of a square mch, and that the section of the 
larger tube near 0 is umform and equal to one square inch 

Also suppose that the levd of the mercury in the smaller 
tube appears to nse one inch Smce the mcrease of the 
volume of mercury in one tube corresponds to a decrease 
in the other, it follows that the level of the mercury in the 
shorter tube has fallen -^th of an mch. 
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Herce tee fcei^t the tsro levels has increased 

hr (1 — «-«• inch- Therefore an apparent 

increase of one inch £n the heisht of the Esrcair does, in 
onr case:, correspond to a real increase of -liths ot an inch. 

So an apparent increase of ^ inch corresponds to a real 
increase of errs inch. 

To avoid ths tronble of haring to make this correction, 
the tnbe EA is divided into intervals of ^ inch, and the 
raarhings are made as if these intervals are realiv inches. 

Ecre I^er the long limb be of sectional area 

A and the short limb of secdorial area A', and stippose both 
A and A' to be constanL 


A rise o: 
TTonld canse 


a in the level of the merenry in the long limb 
, A «. 

a fan ot -77 c in the stiort limb. 


Hence an apparent increase of z in the he^t of the 

barometric colcmn v-onld correspond to a real increase of 

A . ,A^A'- 

X %.«. or — rr-sc- 

A. ji. 


£ 

So an apparent increase of - 5 — y, s Tvoald correspond to 


a real increase cf x. 


Eenr& to en^mre correctness the distances berweea the 
snccesmve gradiranons in the i^ng limri sre shorter than 
th^ are marked in the rado A' i A — A'. 

E the barometer is not so gradnated. bnt has the 
distances fc'.ween the grannadons marked at their true 
valc^ then to get the tme height from ths apparent height 

vre mnst rmltiply the latter 1^ 1 ^ A . Jhis is knovTi a? 

the Co7Te<:iion/oT ire Cap^iv rjf (he Cviem. 
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99 Oorrectwn for Temperature Mercury expands 
with heat, and therefore its density diminishes, so also 
does the measuring rod, usually made of brass, which 
measures the apparent height of the mercury For accu- 
rate measurements it is therefore necessary to choose some 
standard temperature , for the higher the temperature the 
less the weight of a certain length of mercury This 
standard temperature is usually the freezmg pomt of water 

Let A be the observed height of the mercury at 
temperature t" Centigrade, and let \ be the correspondmg 
height at O’G 

If a (= about 00018) be the coefficient of expansion of 
mercury per degree Cent , we have 
Aj [1 -I- <rf] = A. 

^ 1 +at 

= A(l-Krf)-» = A(l-o<), 

approximately, by the Binomial Theorem, since a is very 
small 

Again, if the divisions of the scale are true inches at 
O’C , and if be the coefficient of linear expansion of the 
scale, then A apparent inches are really A(1 + inches at 
*•0 

Ao = A (1 — at) apparent inches 
^ A (1 + /St) (1 — at) real inches 

Now, in the case of brass, jS is very small, and = about 
000019 

. Ao = A[1 — (a— 

= A[1 — (o — fi) i\ nearly. 

Also a-p= 00018- 000019 

= 00016 nearly 
Ao«a A — *00016 X A X i 
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Thus from the apparent height A mnst be enhtracted 
the small quantity 

*00016 xhxt. 

In a similar manner it could be shewn that the cor> 
rection for temperatures Fahrenheit is — 00009(^—32) A 
nearly, at temperature t* F. 

This correction is often made by the help of tables 
which give its Talue for all ordinary temperature^ and 
barometric heights. 

100. Gorreciion for wiequal intensity of gravity 
"When barometric observations estendmg over a large area 
are compared, a correction must be apphed for the unequal 
intensity of gravity. It is usual to reduce these observa- 
tions to sea-level in latitude 45*. It could be shewn that 
g = — 00257 cos 2X — 1 96 X A X 10~*], 
where g is the intensity of gravity at the given place, 
whose latitude is X and whose height is A centimetres above 
the sea-level, and g^ is its value at the sea-level in latitude 
45*. 

The observed height must thus be multiphed by 
1 - 00257 cos 2X- 1 96 X A X 10"* 
to reduce it to sea level in latitude 45*. 

101 There are also other correctionB due to Capillarity 
and Yapour Pressure. 

On account of capillarity, the top of the mercury in the 
tube IS not flat but is convex. 

The mercury in the tube gives off a certain amount of 
vapour, and its pressure tends to depress the column. 

These two sources of error are however both very small 
in the case of a mercury barometer. 
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In. the case of a water-barometer the vapour-pressuie is 
of much more importance 

102 Aneroid Barometer This is a form of baro- 
meter where there is no column of mercuiy or other bqnid 
In it the varying pressure of the atmosphere is shewn by 
its varjung effect on the thin metalhc cover of a closed and 
partially exhausted chamber or box The motion of this 
cover IS by means of levers magmfied and communicated 
to an index which shews the change of pressure The 
giaduation of this instrument is made by comparing it with 
a standard mercury barometer 

The aneioid barometer can be made of small size and 
weight, and its portabibty is a very important advantage 
But it cannot be mode to be as accurate as the mercury 
barometer. 


EXAMPLES. XXL 

1. At the bottom of a mme a meronnal barometer stands at 
77 4 oms , what would be the height of an oil barometer at the same 
place, the sp grs of meiouiy and oil being 13 596 and 9 f 

2. If the height of the water barometer be 1033 oms , what will 
be the thrust on a circular disc whose radius is 7 oms when it is sunk 
to a depth of 60 metres in water? 

3. Glycerine rises m a barometer tube to a height of 26 ft. when 
the meroniy barometer stands at SO ms The sp gr of mercury 
bomg 13 6, find that of glycenne 

If an iron bullet be allowed to float on the meroury m a barometer, 
how would the height of the meroury be ofieoted? 

4 The diameter of the tube of a meronnal barometer is 1 cm 
and that of the cistern is 4 6 oms If the surface of the meroury m 
the tube rise through 2 5 oms , find the real alteration m the height 
of the barometer 

5. The diameter of the tube of a meronnal barometer is ^ m 
and that of the oistern is l^^ ms When the surface of the mercury 
rises 1 m , find the real alteration m the height of the barometer. 
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103. Connection betioeen the pressure and density of 
a gas 

It is easy to shew that the density of a gas alters when 
its pressure alters 

Take an ordinary glass tumbler, and immerse it mouth 
downwards in water, taking care always to keep it vertical 
As the tumbler is pushed down into the water the latter 
rises inside the tumbler, shewing that the volume of the 
air has been reduced 

Also the pressure of the contained air, being equal to 
the pressure of the water with which it is in contact, is 
greater than the pressure at the surface of the water Also 
the pressure at the surface of the water is equal to atmo- 
spheric pressure, which was the original pressure of the 
contained air Hence we see that whilst the contained air 
is compressed its pressure is increased. 

Consider agam the case of a boy’s pop-gun. To expel 
the bullet the boy sharply pushes m the piston of the gun, 
thereby reducing the volume of the air considerably, since 
the bullet is expelled with some velocity the pressure of the 
air behind it must be increased when the volume of the air 
is reduced. 

Afl another example take a bladder with very little air 
in it but tied so that this air cannot escape Place the 
bladder under the receiver of an air-pump and exhaust the 
•air As the air gets drawn out its pressure on the bladder 
becomes less , the air inside the bladder is therefore subject 
to less pressure, and in consequence expands and causes 
the bladder to swell out. 

The relation between the pressure and the volume of a 
gas is given by an experimental law known as Soyle’s 
Law, which says that 
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T^preesure of a given quantity ofga*, whose temperature 
remavns unaltered, va/nee mvereely as its volume 

V 

This Law IS generally known on the Continent under 
the name of Mamotte’s Law ^ 

104 In the case of air the law may be verified 
experimentally as follows 

ABO IS a bent tube of uniform bore of which the arms 
BA and BO are straight The arm BO is much longer 
than BA 

At A let there be a small plug or cap which can be 
screwed in so as to render the tube BA air-tjLght 



First let this cap be unscrewed. Four in mercuiy at 0 
until the surface is at the same level 2> and E m the two 
tubes 

Screw m the cap at A tightly so that a quantity of air 
IS enclosed at atmospheric pressure 

Pour m more mercury at O until the level of the 
mercury in the longer arm stands at O^ The level of the 
mercury in the shorter arm will be found to have risen to 
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honio such point as which however is boloiv 0. It follows 
that the air in the shorter arm has been dmiimshod in 
volume 

Let h be the height of the mercury barometer at the 
time, and let II bo the point on tlio longer tube at the same 
level as F Then the pressure of the enclosed air 
»= pressure at Jf* 
s= pressure at 27 

= wt of column /7ff + pressure at G 
=wt. of column 7/(7 +wt of column h 
s=wt of a column (JIG ^ It) 

. final pressure _ w t of a column (JIG + A) _ IIG + ft 

original pressure ~ wt of a column h “ h ‘ 

Also volume of the air J>A 

final volume of the air "75 ’ 

It is found, when careful measurements are made, that 
lIG+h LA 
h ~ FA 

• pressure ori ginal volume 

** original pi essure linal volume * 

t e. final pressure original pressure 

final volume original volume* 

This pi-ovos the law for a diminution in the volume of 
the air 

105. Boyle’s Law for an expansion of an may bo 
verified on the following manner; 

Take a vessel containing -meioury and a tube AG 
partially filled with mercury and open at the end G, 

h n. 9 
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Insert the tube and hold it in a vertical position -with 
its unclosed end C under the surface of the mercuiy in the 
vessel Hold it initially so that the level of the mercuiy / 
inside and outside the tube is the same Let the point of 
the tube which is now at the surface of the meifcury be B, 
so that the enclosed air when at atmosphenc pressure 
occupies a length AB. 



Baise the tube some distance out of the mercury The 
air will be found to expand and also the mercury to rise 
inside the tube Lot the common surface of the mercury 
and enclosed air be now at D 

If h be the height of the mercury barometer at the time 
of the experiment, the original pressure of the air inside the 
tube was gph After the tube has been lifted the pressure 
of the air inside is the same as that of the mercury at Dy 
and = pressure at E—gp DB= gp (h — DE) 

Also the origmal and final volumes are proportional to 
AB and AD 

It ts fovmd, on careful measurements bemg made, that 
h-DE AB 
h ~ AD' 

. final pressure origmal volume 

t e that f = i 

origmal pressure final volume 
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106. Boyle’s Lew may also bo >enfied by the follow- 
ing method, ^\hich is a modifi- 
cation of that of Art 10 1, and 
is applicable to boch increases 
and decreases of the volume of 
tiie air 

t 

AB and CD are two glass 
tubes winch are connected by 
flexible rubber tubing and are 
attached to a lertical stand. 

AB is closed at the top bub CD 
IB open. A ^ ertical scale is fixed 
to the stand, and CD can mo\e 
in a vertic-il direction parallel 
to tins scale The rubber tubing 
and the lower part of the glass 
tubes are filled uith mercury. 

The upper part of the tube 
AB is filled with air, and its 

pressure at any tune is measured by h + ED, where B is 
at the same level as B and h is the height of the meicury 
barometer Kaise or lower the moiable tube CD Then 
in all cases it will be found that 



AB cc 


1 


A -f- ED ' 


ue that volume oc 


pressure 


107 Until comparatively recent tunes it was supposed that 
Boyle’s Iiaw was perfectly accnnvte More carofnl experiments havo 
shewn that it is not strictly acenrate for nil gases It is however 
extremely near the truth for gases which are very hard to hqncfy, 
Each as air, oxygen, hydrogen, and nitrogen Most gases aro rather 
more compressible than Boyle’s Low wonld imply 


9—2 
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It IS fonnd tlmt for oil gases, except hydrogen, the product of the 
\olnme and pressure diminishes, for moderate prcssoies, as the 
pressure increases, and that this diminution is greater the more easily 
the gas le hqucfied , on the other hand, for hydrogen the product of 
the volume and pressure shg^tly increases as the pressure mcreases 

A gas irhich accurately obeyed Boyle’s Lair would be called a 
Perfect Gas The above-mentioned gases are nearly perfect gases 

108 Let p' be the ongmal pressure, xf the original 
1 olume, and p the original density of a given mass of gas 

When the Tolnme of this gas has been altered, the 
temperature remainmg constant, let p be the new pressure, 
V the new volume, and p the new density of the gas. 

Boyle’s Law states that 

p 

p' ~ V* 

P «' (1) 

2fow p . V and p' v' are each equal to the given TnnjgH of 
the gas which cannot be altered. 

• p v=p . t/... . . ...... . . (2) 

From (1) and (2), by division, 

p_p' 

P P'* 

Hence -is always the same for a given gas Let its 
lalue be denoted by k, so that^=i&p 

Ex. Assuming the sp gr of air to he 0013 vhen the height of the 
giereury' barometer is 30 inches, the sp gr of mercury to be 13 596, 
and the value oj g to be 32 2, prove that the value of k, for foot-second 
units, IS 841906 nearly 

Find also the value for ac b. units, assuming p=931 and that the 
height of the mercury barometer is 76 ems 
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and 


X 18 596 X p X 62^ poondals per square foot, 
p= 0013x62^ lbs. 

OA J 

’** ^**12 ^ X 82 2 X QQjg 


10944780 


=841906 ncarlj. 


- 13 

In c o e meararc, 

j)=^b X 13 696 X 981 dynes per sq. cm., 
and p=*0013 grammes per cub cm 

76x13 596x981 76x135960x981 
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=779741000 nearly. 


109 Ei. 1 Tht sp ffr of tnercury is 13 6 and the barometer 
Stands at 30 rw A bubble of pas, the volume of wiUtch is 1 eub in 
vhen It ir at the bottom of a lake 170 ft deep, rises to the surface 
What will be Us volume when tt reaches the surface I 

If w be Ibe weight of a cub ft of the water, the pressure per 
sq. It at the bottom of tho laho 

=170w+18 0x2jw 

=204u. 

Also the pressure at the top of the laLe=13 6 x Z\v 
=34 IT. 

Hence, if x bo the required volume, wo have 
xx34w=lx204w. 

/. x=C cub ms 


Es. 2 At what depth in icoter would a bubble of air tint , given 
that the weights of a eub ft of water and air are respectively 1000 and 
1^ OSS , and that the height of the water barometer is Zift f 

Let X be tho depth at which tho bubble would just float This is 
the case when the density of air at this depth is just equal to the 
density of water. 
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Then, by Boyle's Law, 

g + 34 density of air nt depth x 
34 “ atmospheno density 


density of water 
atmospheno density 


, since the bnhble just floats. 



g=271C6 ft = slightly greater than 6 miles. 


Below this depth the bubble would smk; abovn this depth it would 
rise 


110 Cartesian Diver This toy consists of a hollow 


glass bulb at tho bottom of winch 
IS a small opening, to this bulb 
IS attached at its lower end a 
counterpoise — usually the figure 
of a man There is some air in 
the bulb, and the amount of tins 
air and the weight of the toy are 
so adjusted that the whole would 
just float in watei 

It floats in the water con* 
tamed m a cylinder, the upper 
end of which is closed by a piece 
of bladder or india-rubber If 
the hand be pressed on this 
bladder, the air underneath is 
compressed, and thus by Boyle’s 
Law its pressure mcreased This 
additional pressure is conveyed 
through the water to the air 
mside the toy and the volume of 



'this mr IS thus decreased, by Boyle’s Law. 
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The Direr now displaces less Abater than before, and 
thus the upward \ertical thrust of the water is decreased 
Hence, since its weight remains unaltered, it sinks 

On remonng the hand the piessure is lessened, and the 
diver in general rises again 

K the vessel bo deep enough it may hoivever happen 
that, even when the external air pressure is lemoved, the 
air inside the bulb, wdien it is at the bottom of the sessel, 
may occupy so little space that the weight of the diver 
exceeds the weight of the displaced water In this case 
the toy will not rise again 

EXA3vnpi.ES. xxn. 

1, 'What is the ep gr or the air at standard pressure (7G0 mm 
of mcrcaij) vrlicn the sp gr of air at n pressure of 700 mm of 
mctcuty, referred to water at 4“ 0 as standard, is found to be 
00119? 

2 "When the height of the me-cnnal harometer changes from 
29 45 ms to .SO 23 ins , what is the change in the weight of 1000 cub 
ma of air, osstiniing that 100 cub ms of air weigh SI grams at the 
former pressure? 

3 When the water barometer is stondmg at 33 ft. a bubble at 
a depth of 10 ft from the surface of water has a volume of 3 oub ms 
At what depth will its volume be 2 cub ms 7 

4 Assuming tbe height of the water barometer to be h, find 
to what depth an inserted tnmblcr must be submerged so that Jhc 
volume of the air tnsido may bo reduced to ono-third of its original 
volume 

Find also-to what depth a small inverted conical wine glass must 
bo lowered so that the water may nso half waj up it 

5. A cylindrical test tubo is held in a vertical position and im. 
morsed mouth downward in water 'When the middle of the tnbo is 
at a depth of 32 75 ft it is found that the water has risen half way 
np the tube. Fmd the height of the water barometer 

6 A nniform tube closed at the top and open at the bottom is 
plunged into mercury, so that 25 ems of its length is occupied by 
gns at an atmnspheno pressure of 7G ems of mercury, the tube is 
now raised till the gos occnpics 50 ems , by bow much lias it been 
raided 7 
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7, IVhat are Hie uses of the small hole irhich is made in the hd 
of a teapot and of the vent-peg of a heer barrel? 

8 A holloir closed cjlmder, of length 2 ft , is fall of air at the 
atmospheric pressure of* 15 lbs per square inch when a piston is 
12 ins bom the base of the cvlinder, more air is forced in through 
a ho^e in the base of the ^hnder till there is altogether three times 
os much air in the qrlmder as at first, if the piston be now allowed to 
rise 4. ms., what is &e pressure of the air on each side of the piston? 

Through how manv inches must the piston more from its original 
position to be ag^ in equihbnum* 

9 A balloon half filled with coal-gas }a«t floats in the air when 
the meremy baromerer stands at 30 ms. W hat will happen if the 
barometer sinks to 23 ms * 

'What would happen if the oelloon had been quite full of gas at 
the higher pressure? 

10 A gas-holder consists of a CTlitadncal vessel inverted over 
water Its diameter u fl-V ft. and its weight 60 lbs I^d what part 
of the wmght of the evhnSer must be counterpoised to makB it supply, 
gas at a pressure equivalent to tnat of 1 m of water 

11 _A pint bottle containing atmos^^eno m just floats in water 
when it is weighted with 5 ozs. The weight is then removed and the 
bottle immersed neck downwards and gently pressed down. 

Shew that it will just fioar fcedy when the level of the water inside 
the bottle is 11 ft. below the surfsce, and will sink if lowered farther, 
aud rise if rmsed h^her Tne water barometer stands at 33 ft. and 
a pmt of water weighs 20 ors. 

12 A closed air-ti^t cylinder, of he.ght 2a, is half full of water 
snd bftlf full of air at atmospheric pressure, wluch is equal to that 
of a column, of hei^t h, of the water li^ater is mtrodneed with- 
out letting the air escape so as to fill an additional height k of 
the cyhnder, snd the pressure of the base is thereby donbled. Steve 
that 

Ji=sa+h—s^ah+h?. 

13 In a vertical cylinder, the horizontal section of whidi is a 
square of side 1 ft , is fitted a weightless piston IniiiBlly the air 
below the piston occupies a space 7 ft in length end is at the same 
pressure as the extemal air 6 cub R, of water are taken and two- 
thirds of a cub ft. of iron. If the iron be placed on the piston 
it sinks 1 ft. If the water also be then ponied on it, it ginlra 
thtou^ ft £md the ep gr. of iron and the bmgbt of Hie water 
barometer. 
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14. A hollotr cjhnder, of height h and open at tho top, I*! Inrertcd 
and pirtially immersed fo that a length f of it is nuder water , prove 
tTif-t the air inside it occup ra a length r fciven by the equation 

x^-i-sin+k-h)=n h, 

■where ff is the height of tl e Tatar barometer. 

15. An open canister, 4-^„ tn« high, is inverted over a vessel 
of merenry end prc'^ed down nntit its bottom is in the sarfacc of the 
flaid Find bow high tho mcrcory will have risen within the canister, 
the height of the mercury barometer being SO ins. 

16. A conical wine gle*'’, 4 ms in height, is lowered, month 
dorvnwnrds, into vrat^'r till tho Ifitl of tho water inside is 34 ft 
be^oT the «arfacc , tl e height of the rater barometer being 34^ ft , 
what IS the height of the part of the cone now occupied by aht 

17 A Ih'n conical «nrft>ce of vrcight IT Inst smVs to the surface 
of a hqutd when immersed with its open end downwards, when 
immersed with its vertex downwards a weight uilF must be placed 
inside It to make it sink to the same dqtth os before; if A bo the 
hei^t of a b arom eter of tbc same liqnid, prove that the height of tho 
cone » 7uavl4 n. 

18. A Circular evlinder closed at one end has a height of 8 ft 
and tbc area of the exU'rnal cross section is to that of the internal 
cro's-section as 7 * 4 , the tliicl ness of the flat cad may be neglected 
end the sp gr of tho cylinder is 2 

This vessel is pushed into water with the month downwards; 
prove that if the depth of the month oxett-d 13 ft., tho cylinder will 
of itaelf Rink lower, the height of the water barometer being 33 ft. 

19 A cylinder, of height 5 ft with iLa axis vcrliaal, is fnll of 
air at atmo«phcno prcESure, and is closed at the top by.a tightly- 
lilting piston of mass 30 lbs , if the piston =inl s 2 f t tinder its own 
weight, find the thrust that must bo applied to tho piston to force 
it down an additional 2 ft. 

20 A piston of weight C2 St lb? fits accurately in a cylinder 
whose axis is vcrliaal, and encloses a volume of air which is 1 ft in 
height when 3 ft. of water stands in the cylinder above the piston 
A sphere of density 6 6 and diameter 0 ms is now snspended by a 
string freely, and is completely immersed m the water if tho 
diameter of the cylinder bo 1 ft, find the depth through which tho 
piston will sink. 

21. A piston, of weight W, i? placed at the middle of a horizontal 
cylinder which it closely fits, the air on each side of it being of 
ulmo^hono pressure U, and the ends of tho cylinder closed The 
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cTundcr i* tt'n np till i:p atis is jnclir<»d at angle e to the 
Lomoa; p-tj-e *bat the p.etoa •nil be in &iDiLbnma again at a 
dis'ance from its orginal postica equal to 

e [s^l— X*co»ec*c - \ cos-ec o] 

srhere 2a is toe Iiagib of the cyhnder, A is the area of the p ston, and 


22 A irc*gnt’(«5 pi-*on C*s *ato a rerlieal cjinder, of be ght b. 
c'c-.-d at its ard Llifd ri*r air, and is initia'Ir at the top o' the 
CTxiadcr, r-u'nr is s’oirlr ponre-a into the crl nil;r apoa i^'e top o*' the 
pis*on , p'OTc that a qsant t~ iTuieh T*oald fill a lengtn k~I! of the 
crlinder can he ponrcs* in h' 'o'c any runs over, T-Lcrc H is the height 
of the •~a. r haarr.Cci 

Esp’a^n the case is'^'re II>-h 

111. R*Inticn% btlic^^n /A< prtMure, Umptrature, and 
dmsttu q/" a ffa* 

It can be shetm cxpenment.ally that a pren mass of 
gas for cacli increase of 1*C in its temperature, has its 
•volume increased (provided its pressure remain constant) 
bran amount vrhich is equal to -003065 times ( = rA- nearly) 
its volume at 0’ C 

Thus if I’ be the volume of the given mass of gas at 
temperature 0* G end a stand for -003605, the increase in 
volume for each degree Centigrade of temperature is aT, 
Hence the increase for f* C is o 1*^ t, so that if F be the 
volume of tins air at temperature <* C , then 
r=r.-«-ar*f=r,(i-af) 

If p and p„ be the respective densities at the temperatures 
f* C and 0* C , then, since 

py-pon. 

we have —=-J^ — l-^ae. 

P >• 

Pa = p{l-*-tti) 

The above law is sometimes known as Gay-Lussac’s 
and sometimes as Charles’. 
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112. A relation tnnnlnr to that of the pronous nrttcio 
holds for all gn^tss. For those npproxiraattng to perfect 
gases a is ^o ^7 nearly tho same quantity. 

If the tomperaturo ho measured by the Fahrenheit 
thermometer and not tho Centigrade, tho value of a is 
^ X nearly [for ISO degrees on tho Fahrenheit scale 
equal 100 degrees on tho Centigrado scale, it 1* F C] 


Et 1 Zr the « plime of a certain qtiaut:ltt of oir at a temperature 
of 10' C, hr .aOO cuh emt , tehnt letll be iM t'oUme (ol theearie pretntre) 
vhen tts temperaUtre tf 20’ C t 

If r be its lolumo at O’O , then 


stoo=:r+io 


JL r 

273 “278 


r. 


Hence the volume at 20’0.s=F+20 T 

2»3 

“ 27”8 ’ “ 2b i 2a 5 


Er 2 The volume of a eertain quantittf of pa* at IC®(7 it iOOext 
emt , \f the premire he vnaltercd, at tchat temperature vtll its x'olumr 
he 500 euh erv T 

Let t be llio required temperotnro. Tbon 

1+ i 

500 _ TolTimo at temp 1 ° 0 273 

i00~ volauiG at temp 15® C ~ , 15 

^■*•278 

“ 288 * 

• t=s87»0. 


113 Suppose tho gas at a tomperaturo 0*0 to bo 
confined in a cylinder, and to support a piston of such a 
weight that tho pressure of tho gas is p, and let tho density 
of tho gns bo pe» 30 that 

P~hPo • 


( 1 ) 
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Let heat be applied to the <^hnder till the temperature 
of the gas is raised to t* G., and let the density then be p 



By Cliarles* law we have then 

pa=p{l+at). (2) 

From (1) and (2), we have 

p=Lp (1 + at), 

giyiag the relation between the pressure, density, and 
temperature of the gas 

114. Absolute temperature If a gas were con 
tmually cooled till its temperature was far below 0“ 0 , and 
if it did not liquefy and continued to obey Charles’ and 
Boyle’s Laws, its pressure would be zero at a temperature 
such that 

1 + tt#, = 0, 

te when ■ <, = — 273. 

a 

This temperature -273* is called the absolute zero of 
the Air Thermometer, and the temperatuie of the gas 
measured from this zero is called the absolute temperature 
The absolute temperature is generally denoted by 2], bo 
that 

a 
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Iloncf' 

p = (1 + of) Xprt (a ^ 0 ~ 

Th^'reforo, if I"* l>c the i olumo of ft ccrtftin qunntity of 
gas, 'we Inve 

rr 

^-=Aa. [V.pyka X mass of the gas *= n constant 

Hcncc tlie protlnct of the pressure anrl solume of any 
gi% cn mass of gas is proporlJonnl to its ftbsoluto tomperaturo 

Ex Thf rn^tut of a tpherf eontainihrf air t» AoulUdt and the 
ifrxtirralxtre raiiid /ran 0* C to {>1“ C I'rare tmtt the j>re$ture vj 
the'atr 1 # rtduerd to one tisth of Ut original value, the wefxient of 
fjrpantwn ptr 1°C. beiny 

Let p be the onginal and the final pressure, p the original and 
p' the final density. 

Sinrc the r"dins of the cpherc la doubled, the final roluinc la 8 
tirocB the original voloine 

••• P*-iiP 

, r'_V{i+« 9i)_ir sin 

•• p - ■ >7 -SL 
1 8Gi_l 
“g’a7J“C* 

EXAMPLES XXIIL 
(/n »/»« follmnni; txampUt take a im ] 

1. Find the volumes at 0®C and pr&^surc 7C ems of mercury of 

(1) the air vrliosc volume at pressure BOems and temp. 80° 0. 
la 100 cub ems 

{21 the air whoso volume at 3 atrao'mherea and temp 100° F 
18 3 cub. ft. 

2. If a quantity of gas under a pressure of 57 ins of mercury 
and at a temperature of 60° C occupy a volume of 9 cub ms , what 
volume will it occupy under a proEHUre of 61 ms of mcrcun and at a 
tempemiuro of 16°0 7 
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3 A mass of air at a temporature of 39° C and a presBure of 
32 ms of meictuy occupies a Tolmne of 16 cub ms Wbat volume 
will it occupy at a temperature of 78° 0 under a pressure of 64 ms. of 
mercury? 

4, At the sea level the barometer stands at 760 mm and the 
temperature is 7°0, while on the top of a mountam it stands at 
400 mm and the temperature is 13°0 , compare the weights of a 
cub metre of air at the two places 

5 A cylinder contains two gases which are separated from each 
other by a movable piston The gases are both at 0°0 and the 
volume of one gas is double that of the other If the temperature of 
the first be raised t°, prove that the piston will move through a space 

;; — where I is the length of the oyhnder, and a is the coefficient 

oat 

of expansion per 1°C 

6 The radius of a sphere containing air is doubled and the 
temperature raised from 0° C to 465° 0 Shew that the pressure of 
the air is reduced to one third of its onginal \alue, the coefficient of 
expansion of air per 1°0 bemg 

nV 

7 Find the value of ^ for a gramme of air supposing a centi 

metre cube of air at 80° C to be 001 gramme when the height of 
the barometer ;s 76 oms , the density of mercury 13 696, and the 
numerical value of the acceleration of gravity 981, the expansion of 
air at a constant pressure firom fireezmg to boihng point being from 
1 to 1 366 

8, A piston accurately fits a cylinder and moves freely m it, 
mitially it is placed in the middle of the cylmder and the ends are 
closed The cylinder being placed vertically the distance of the 
piston from the top is ,^2 times its original distance The tempera 
ture in the two paits being raised to the absolute temperatures 
and tg, the piston goes back to the middle of the cylmder Show 
that the onginal absolute temperature of the oyhnder was 

116. Pressures of a zmxture of gases It can be 
shewn experimentally that if two gases occupy two vessels 
and be of the same temperature and pressure, and if they 
be mixed together, the pressure of the mixture is the same 
as before, provided that no chemical action takes place 
between the gases 

I 
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116. 1/ the pressures of two gases of the same tempe- 
rature and volume v he pi and the pressure of the 
mixture of the two gases^ when the combined volume is v^ ts 
Pi +Pat temperature being unaltered. 

Change the volume of the second gas so that its pressure 

IS Pi Its volume, by Boyle’s Law, is then 

We tlms have two volumes, v and , of different 

Pi 

gases each at pressure p^. 

Let them he mixed together. 

By the experimental fact of the previous article they 

form a mixture of volume « + at pressure pj. 

Let the volume of the mixtuie be now changed to v 
and let the corresponding pressuie be P. Then, by Boyle’s 
Law, we have 



te ^—Pi-^Pa> 

117. Two volumes, v, and Vg, of dijfeient gases at 
different pressures, 2h Pat mixed together and put 
into a vessel of volume V, find the resulting piessure, the 
temperatures being constant 

Change the pressure of the second gas from Pa to p, , 
by Boyle’s Law its volume changes from Vg to 

Pi 

We thus have two gases, of volumes v, and each of 

Pi 

pressure Pi 

As before they form a mixture, of volume «i + ^®, 
of pressure pi. 
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Let the volume of this mixture be changed to V and in 
consequence the pressure to E Then, by Boyle’s LaW| 

F F= Pi X =pi Wi +Pa«ai 

1 e the required pressure 

PtVi + PaVa 

~ r ‘ ' 

118 If, as in Art 116, we had several gases, each of 
volume V, and of pressures p,, pa, Ps, we should similarly 
have that the pressure of the mixture, when of volume v, 

IS Pi+Pa+Pj + 

This IS known as Dalton’s Law for the mixture of gases 
and may be put thus , If several gases are included m a 
given volume, the pressure of each is the same as if the 
others weie absent, so that the pressure of the mixture is 
the sum of the pressures exerted by the separate gases 

Ex Masses m, rn' of two gases m winch the ratios of the pressnie 
to the density are respeotivelj h and V are mixed at the same 
temperature Shew that the ratio of the pressure to the density m 
the mixture is 

m+m' 

*119 Determination of heights by means of the 
barometer If the atmosphere he of rest and its temperature 
constant, then, if points he taken whose heights above the 
earth are in Arithmetical Progression, {the common difference 
being small,) the pressures at these points are in a v 

Let P^, P^, Pf, be a senes of points m a vertical 
line, and let 

OPa = PaPa = PaP,= • =P„_xPe 
= p, where P is small 

Consider a column of air, of small honzontal section, whose 
axis IS the straight hne OPjPq 

* The student who is aeguainted with the Integral Oaloulus may 
here refer to page 251 
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The dist/iTjce ^ being small, wc may consider any layers 
of tins column to be of constant density throughout j let 
the densities of the layers commencing from the bottom 
be Pj, Pj,. ,, and therefore their pressures Ip,, Ip^, 
•which VC may talce to be the pressures at the points 
0, F /j, ... 

Tiio dilTerenco of the pressuras on the faces at 0 and 1\ 
supports tlio element Ol\ Hence 


So for the columns FJ\, F-Ft, . wo haio 


/•pj-/pj- ^p.8, 

Ipt — Ipt — gp),8, 


/p«_j *“ ApB — ffp„~,B 

Hence p, = p,[^1-^^, 

r]’* 







Hence the densities p^, p,, p„ . , and therefore the 
corresponding pressures, are m G p. 


If p be the density just aboie F„, we have similarly 

-"D -¥]-[* -f]’- 


L. n 


10 
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If we put nfi=:h, so that p is the density at a height h 
above the ground, we have 


P = Pi 



Let 


=i- 

nk z* 


ghz 

^ Now let 71 be increased indefinitely, h being kept con- 
siant^^t e let the number of layers into which OP„ is divided 
be made infimte 

Then it is kno^vn that 


Ltfl - 





whore e is the base of the Napienan system of logarithms 

-Bh 

• p = pj e * 

This formula gives the density at a height h in terms of 
that at the surface of the earth It has been obtained on 
the assumption that gr is constant , this is only true for a 
comparatively short distance from the earth’s surface The 
temperature is also supposed to be constant which will not 
be the case for any considerable difference in altitude 


120 Tojmd the d%fference %n the ahtltide of two po%nt8 
hy meane of barometric readmgs 

The formula of the preceding article gives 

-oh 

p = Pie ^ 

Let j? and be the readings of a barometer at the two 
places j then 

B Bi p pi, by Boyle’s Law. 

. B 

"B, 


= e * 
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//, 


-gh 

"F* 


k 
9 

ii loir, 10 


. . h - " logjf 2£ ~ ~ 


D, ]£, IT, , 

= -lo",„~ xlog^lO 


[log,a/7,-log,o//] 


Hence the height in feet is obtained by multiplying the 
difference betivcen the logantliuis of the two barometric 
k 

heights by -log, 10 

Taking the value of A: as found in Art 108, Ev , ^s= 32 2 


and ' 


log, 10 = 


1 

logio« 


_1 

43429 


= 2 3026, 


the value of this constant, when feet are used, is about 
60200. 


■Wlien OQs units mo used, wo have found the value 
of A; to be about 779741000 [Art. 108 ] 

Thus, since g = 981 in this system, the constant 

779741000 X 2 3026 
981 


= 1830300 nearly. 


£z. 1 Shew ilmt a fall m tho barometer from 76 to 75 cme will 
correspond to a rise of about 105 metros, given ' 

loRio<= ^*^29, log,, 76=1 88081 and log,, 75 =1*87506. 

Ex 2 If a change frpm 80 inolies to 25 inches in tho height oi 
the barometer corresponds to an altitude of 4600 feet, show that tho 
altitude correspondmg to the height 20 inohes of the barometer is 
about 10007 feet 


121 We n6w give some examples deuluig with defective 

barometers. 


io— 2 
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Ez 1 10 ctih em> of air at atmospheric pressure are measured 

off When introduced into the vacuum of a barometer they depress the 
mercury, which originally stood at 76 ems , and occupy a volume of 
15 cub cms What is tJie final''hetght of the barometer t 

Lot n denote the atmospheric pressnieL By Boyle’s Law we have 

final pressnre of the air _ onginal volmne _ 10 _ 2 
n final Toln^ i5~3* 

final pressnre of the air=|.n. 

The pressnre ahore the,colnmn of mercniy is now ^ of atmospheric 
pressnre, so that the length of the colnmn of mercniy is only ^ of its 
onginal length and is therefore 25^ cm 


Ex. 2 When the reading of the true barometer w 30 ins the 
reading of a barometer, the tube qf which contains a small quantity 
of air whose length u then 3^ ins , u 28 ins If the reading of the 
true barometer fall to 29 ins , prove that the reading of the faulty 
barometer will be 27j ins 

At an atmosphenc pressnre of 80 ins of meronry, let * ins be 
the length of the colnmn of air Wlien the length is 3^ ms , its 
pressnre per sgnare mch 

=:-^ X atmosphenc pressure = -^ w 30, 

where tc is the weight of a cubic mch of mercnry 

Hence, for the eqnilibnnm of the fanlfy barometer, we hare 

.te.3O+t0.28=:stmospheno pressnre 
=w 30 


H 


\7hen the real barometer pressnre is 29 ins , let the height of the 
faulty barometer be y ms., so that the pressnre of the air per sq mch 


gx30 


A 29=y+; 


X S0=y+ 


20 


94 -Sy* 


31J-y 

y=27j, 

the other solution of this equation, tiz 33, being clearly inadmissible 
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Ex S Tilt readttnjs of a faulty barometer m which there ts tonic 
air are a and b when the true readings are a and p , find the true 
reading when the faulty barometer reads e 

Let the quontitj of ait bo sooh that it xronld oooupy a length 
X of the barometer at an atmoephono pressoro equal to ft inches of 
mercury. 

In the first case the pressure of air is that duo to a — o inches, end 

Ij 

thus its length then= .x, by Boyle’s Law. 

hx 

Thus the whole length of tho barometer tube is o + . 


Thus, m tho second case, tho air is of length a + 
pressure is |3-ft 

Hence, by Boyle’s Law, (/5-b)^a+^^^-ft^=ftx. 

(a-a){p-b){a-b) 

In the third ease, if y bo tho true height, tho length of tho air is 
“ ®’ pressure y-e. 


•• ^a + ^-e^(y-c)=7ix. 


ys=e4-. 


ftx 


a-e + 


hx 


=c + 


after reduction 


a-a 

(tt-a)(/9-ft)(g-ft) 
(o-c) (o-o) -(6 - c) {/5- ft) ’ 


EXAMPLES. XXIV. 

> 

i 

V, 1. Why does a small quantity of air mtroduced into the upper 
part of a barometer tube depress the mercury considerably, whiut n 
small portion of iron floating on tho meroniy hardly depresses it 


2. A barometer stands at 80 ins. Tho vacuum above tho 
mercury is perfect, and tho area of tho cross-section of the tube is 
a quarter of a sq m If a quarter of a oub m of tho external air 
be allowed to get into tho baromotor, and tho mercury then fall 
4 ins , what was the volume of the original vacuum ? 
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3. A bubble of air having a volnme of 1 cub in. at a prepare 
of 80 ina of mercury escapes up a barometer tube, whose cross section 
IS 1 sq in and whose Taonum is 1 m long. How much will the 
mercury descend? 

4 The top of a uniform barometer tube is 33 ms above the 
mercury in the tank, but on account of air in the tube the barometer 
registers 28 6 ms when the atmospheno pressure is equivalent to that 
of 29 m of mercury What will be the true height of the barometer 
when the hei^t registered is 29 48 ms ? 

The top of a uniform barometer tube is 36 ins above tbe 
surface of tbe mercury in the tank. In consequence of the pressure 
of air above the mercury the barometer reads 27 ms when it should 
read 28 6 ms What will be the true height when the readmg of the 
barometer is 80 ms ? 


6 The readings of a true barometer and of a barometer which 
cbntams a small quantity of air m the upper portion of the tube are 
respectively 30 and 28 ms. When both barometers are placed under 
the receiver of an air-pump from which the air is parbolly eidiausted, 
the readings are observed to be 16 and 14 6 ms respeohvely. 

Prove that the length of the tube of the faulty barometer measured 
from the surface of the mercury m the basin is 81 86 ms 

7 The two hmbs of a Mamotte’s tube are graduated in mebes 
The mercury m the shorter tube stands at the graduation 4, and 
5 ms of air are enclosed above it Tbe moroniy m tbe other hmb 
stands at the graduation 38, and the barometer at the tune mdicates 
a pressure of 29 6 ms Fmd to what pressure tbe 6 ms of air are 
subjected, and also the length of the tube they would occupy under 
barometric pressure alone 

8 A U tube of uniform bore, closed at one end and with vertical 
arms, contains mercury at the same level m both arms If morcur/ 
sufficient to fill 8 inches of the tube be poured m, the level of the 
mercury m the closed arm is raised one inch, and, if a farther 
quantify sufficient to fill 11 inches be added, the level is raised 
another inch Fmd the height of tbe mercury barometer 

^ 9 The space above the mercury m a barometer contains some 
air, and the barometer reads 700 mm when a standard barometer 
reads ,762 mm Fmd m grammes weight per sq cm tbe pressure of 
the enclosed air [Sp gr of merooryBlS 696.1" " 

^ 

10. If a barometer consistmg of a uniform bent tube have an 
imperfect vacuum, and if the apparent reading be 31 mohes when 
the true readmg is 32 inches, and tbe length of the vacuum then be 
one mch, find the true reading when the apparent readmg is 29 J mohes, 
the temperature being analta«d 


yyi v 
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11. ^Vhen the true boromotrio hci^t is 30 inches, the lueroai; 
stands at 29 8 in a barometer with a defectne vacnnm What fraction 
of the space above the mcrcnzy would the air fill if it were compressed 
to atmospheno pressure? 

V 

* 

V' 12. A barometer stands at SO inches, and the space oconpied by 
the Tomccihan vacuum is then 2 inches , if now* a bubble of oir 
which would at atmospheno pressure ocenpy half an inch of the tnbe 
be introduced into it, shew that the snrfacc of the mercury in the 
tube will be lowered 8 inches. Shew also that the height of a correct 
barometer, when the incorrect one stands at x inches, is 

* 

13. A barometer with an imperfect vacuum stands at 29 8 and 
29 4 inches when a correct barometer indicated 30 4 and 29 8 inches 
respcctivdy , when the faulty barometer stands at 29, shew that the 
true atmospheno pressure is 29 3 inches 

14 ^he height of the Tomedhan vacnnm in a barometer is 
a mches, and the instrument mdicatcs a pressure of h inches of 
mercury wnen the truo reading is c inches If the faulty readmgs 
are due to an imperfect vacuum, prove that the tnio readmg 

corresponding to an apparent reading of d inches is d + — 

- a-fo — d 
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CHAPTER Vm. 

MACHINES AND INSTBUMENTS ILLUSTRATINa THE 

PKOPEBTIES OF FLUIDS 

1 

122. Divmg Bell. This machine consists of 
hollo w cylindric al, or Jiell-shaped, vessel constnicte^of 
metal and open at its-lower end It is heavy enough to 
sink under its own weight, carrpng down with it the air 
which it contains Its use is to enable divers to go to the 
bottom of deep water and to perform there what operations 
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they wish. Ihe bell is lowered into the water by means of 
a chain attached to its upper end 

As the bell sinks into the water the pressure of the 
contained air, which is always equal to that of the water 
with which “it IB m contact, gradually increases The 
volume of the contained air, by Boyle’s Law, therefore 
gradually diminishes and the water will nse within the bell 

To overcome this compression of the air, a tube com- 
mumcates from the upper suiface of the hell to the surface 
of the water, and by this tube pure air is forced down into 
the bell, so that the surface of the water inside it is always 
kept at any desired level A second tube leads from the 
bell to the surface of the water so that the vitiated au: 
may be removed. 

The tension of the chain which supports the bell is 
equal to the weight of the bell less the weight of the 
quantity of water that it displaces If no additional air 
be pumped in as the bell descends, the air becomes more 
and more compressed, and therefore the amount of water 
displaced continually diminishes Hence, in this case, the 
tension of the chain becomes greater and greater 

123. A dimng beU is lowered vnto water of given 
density If no air be supplied from above, fmd 

(1) the eompressum of ffie air at a given depth, a, 

(2) - tha tensum of ihe oTiavti at ibis depth,, amd, 

(3) Oie amownt of avr at atmo^henc presswre that 
must be forced in so that at this d^th the water may not 
rise within the bdl 

(1) Iiet b bo the height of the bell. At a depth a, let 
aj be the length of the bell occupied by the air, and let h be 
the height of the water barometer in atmospheric air. 
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Let n be the pressure of the atmosphere, n' the 
piessnre of the air inside the bell, and w the weight of a 
unit volume of water, 

so that n = wh, 

and n 5 = n' as, by Boyle’s Law. 

Hence II' = to — . 

X 



Now the pressure of the air and the water at their com 
mon surface mside the bell must be equal for equibbnum 
n' = pressure at (7 = to (a; + a) + n 
=to(aj + a + ft) 

Equating these two values of n', we have 
to — to (x + a + a), 

so that a? + (a + h)x—hb = 0 

This 18 a quadratic equation having one positive and 
one negative root The positive root is the one we require 
The compression of the air mside the bell is then h — x 

(2) If A be the area of the section of the bell, the 
amount of water displaced la A . x and its weight is there- 
fore wAas. Hence, if TT be the weight of the bell, the 
tension of the cham 

= W— wAx, 
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To make this result quite accurate, the -weight of the 
contained air should bo added to this result; but this 
■weight 18 quite infinitesimal compared -with the weight of 
the dmng-beU. 

(3) Let V be the volume of the diving bell, and V the 
volume of atmospheric air that must be forced in to keep 
tlie water level at D 


In tViia case the pressure of the air within the bell 
= pressure of the water at 2) 
as to (6 + a) + n = M> (a + 6 + ^) 

Hence a i olume (V+V’) at atmospheric pressure n 
(i € wh) must occupy a i olume "V at pressure w{a + b + h) 


Therefore, by Boyle’s Law, 

{F+r)A=F(o + 6 + A) 


' ' r = F 


0 + 6 
h 


, giving the required volume 


124 Ex. 1 A cylindrical diving hell weighs 2 tons and has an 
xnicmal capacity of 200 cubic feet, while the volume of the material com- 
ponng it ts 20 cubic /« cf The hell t» made to sink ly attached weights 
At what depth may the weights be removed and the hell just not ascend, 
the height of the water barometer being id feet t 

Let X be the required depth, so that the presaara of the air oon 
tamed a=io (a;+33), where tc la the weight of a oubio foot of water. 

The volume of the air then xio (x+83) 


= 200 x 10 88, b; Boyle’s Law. 
Hence the volume of the water displaced (in oubio foot) 


= 20 + 


200x33 
a;+33 ’ 


Also the weight of this water must ho 2 tona 


ax2240=(20+^|5).oai. 

andthnaafsOdl^ft. 



156 


ETDBOSTATICS 


N B In this example the difference between the pressure of the 
water in contact with the air mside the bell and the pressure of the 
water at the bottom of the bell has been neglected 

Ex 2 In the diving-bell of Art 123 a soda water bottle is opened, 
which m the external air would liberate a volume V of gas, shew that 

whV 

the tension of the rope ts diminished by -====== , where squares 

V(a+fc)*+46A 

y 

of are neglected 

As in Art 123, we have 


a:«+*(a+A)-W=0 (1) 

When the bottle has been opened, let x become c:-fp The 
ongmol volume of the gas and air inside the b^ wonld at pres 

y 

sure h occupy a length of the bell Hence, by Boyle’s Law, 

(x+y) (*+j/+a+ft)=^ 6 + 2 ^ h ( 2 ) 

Subtractmg ( 1 ) from ( 2 ), we have 

y[y+2x+a-i-hj=^ (3) 

Vh 

Since is small, it follows from this equation that y is small, 

A 

and thus the square of y may be neglected Hence (3) may be 
written 

y[2®+a+A]=5 (^) 


Now the original tension of the cham = W- A x w, 
and the final tension =W-A {x+y)w 

decrease m the tension 

, Vwh , ... 


Vwh 


■>/(a+A)®+4/j6 


, from ( 1 ). 


EXAMPLES XZV. 

1, A oylrndncal diving bell, whose height is 6 feet, is let down 
till its top IS at a depth of 80 feet , find the pressure of &e oontamed 
au, the height of the water barometer being 331- feet 
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2. How far most a dmng bell descend so that the height of a 
barometer within it may change from 80 to 31 inches, assuming the 
sp* gr of moronxy to be 13 J and tbe bell to be tept full of air ? 

3, If the meronry in the barometer within a dmng bell wore to 
nso 12^ inches, at what depth bdow the surface would the dmng hell 
be? (sp gr of merouiy=13 6) 

J 4 A cylindnoal dmng bell, whose height is 9 feet, is lowered 
till the levd of the water in the bell is 17 feet below the surface The 
height of the water barometer being 34 feet, find the depth of tho 
bottom of the bell. If the area of the section of the bell be 25 square 
feet, find how much air at atmosphono pressure must be pumped 
into tho bdl to drive out all tho water. 

5 A divmg bell having a capacity of 125 cubic feet Is sunk in 
sdt water to a depth of 100 feet li the sp gr. of salt water bo 1 02 
and the height of the water barometer be 34 feet, find the total 
quantity of air at atmosphenc pressure that is required to fill the 
bell 

J 6. The bottom of a qylmdncal diving bell is at rest at 17 feet 
below the surface of water, and tho water is completely excluded by 
air pumped in from above Compare the mass of air now in tho bell 
with that which it would oontam at the atmosphenc pressure, the 
water barometer standing at 34 feet 

7. A oyhndncal dipng bdl, 10 feet high, is sunk to a certain 

depth, and tho water is observed to nse 2 feet m the bdl As much 
air IS then pumped m as would fill :^ths of the bdl at atmosphenc 
pressure, and the surface of the water in the bell sinks one foot 
i^nd the depth of the top of the bdl and the height of the water 
barometer ' 

8, The height of the water barometer being 83 feet 9 inches and 
the sp gr of mercury 13 5, find at what height a common barometer 
will stand m a oyhndncal divmg boll which is lowered till the water 
fills one-tenth of tho bell How far will the surlaco of the water m 
&e bell be below the external surface of the water? 

4 9. A divmg bell is lowered into water at a uniform rate, and air is 
supplied to It by a force pump so as just to keep the bdl full without 
- allowmg any air to escape How must the quantity, x e mass, of air 
supphed per second vary as the hell descends? 

10. A oyhndncal diving bell of height J is sunk into water till its 

lower end is at a depth nh below tho surface, if the water fill fth of 
the bell, prove that the bell contams air whoso volume at atmosphenc 

pressure would bo g y, where V is the volume of tho bell 

and h 16 the height of tho water barometer. 
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Exs. 

11, A oylmdnc^ diving bell is lowered in water and it is 
observed that the depth of the top when the water fills ^ of the inside 

tunes the depth when the water fills ^ of the inside , prove that 
the hei^t of the cylinder is ^ of the height of the water barometer. 

12, A small bole is made in the top of a diving bell , will the 
water fiow in or will the air fiow ont? 

13 A small piece of wood floats half immersed in water, hoa 
mn^ of it will be immersed m the water inside a diving bell, 10 feet 
Tii e>» and 8 feet in diameter, which is lowered till its top is 47 feet 
below the surface of the water, the height of the water barometer 
being 84 feet and the sp gr. of air at atmospbenopiessure being trf 

14. A oomcal diving bell, of which the axis is of length 16 feet, 
IS let down into water, and it is found that when the vertex is 33^ feet 
below the surface the water has risen within the bell to a height of 
4 feet Fmd the height of the water barometer 

\J 15. A cylindrical diving bell is lowered to such a depth that the 
confined air oconpies two-tbirds of its interior, half as much air 
Bgam is'now pumped into the bell. How much further must tlie bell 
descend before it is half full of water? 

16 A diving bell, whose height is h feet, contains a mercuiy 
barometer, whose height is h inches when the bell is above the surface 
of &e water, and h' mohes when it is below, to what height is the 
top of the bell submerged when its shape is (1) comcal, and (2) cylin 
dneal? 

17 An open vessel, whose density is greater than that of water, 
IS pushed with its mouth downwards mto water ; after a certain depth 
has been reached, shew that the equihbnum will be unstable. 

18 A cyhndncal diving bell, of height a, is lowered till its top 
IS at a depth h bdow the surface of the water If the bell be now 
half-full of water, and air be pumped m till all the water is expelled, 
prove that the bell must be lowered a further distance 4H—2h before 
the bell is agam half-full of water. S’ bemg the hei^t of the water 
barometer 

19 A oylmdnoal diving bdl, of hci^t 10 feet and internal 
radius i feet, is immersed m water so tnat the depth of the top is 
100 feet Prove that, if the temperature of the air m the bell be now 
lowered from 20° 0 to 15° G and if 30 feet be the height of the water 
barometer at that time, the tension of the cham is mcreased by about 
67 lbs 
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** 20 .' ^ eylmdncal dtvmtf bell, ieho^e erott section is of area A, 
is suspended tn voter vith its flat top at a dtslanee a below the surface, 
the air snside the bell then occupying a length b of the belt A man, 
of volume Aa and sp gr s, who has been sitting on a platform }^^de 
the bell, falls into the enclosed water and floats. Shew that (1) the 
level of the water inside the bell nses, but that (2) the amount of water 
inside the bell is less than before. 

Find also the change in the tension of the supporting chain. 

[The -weight of the air displaced by the man may be neglected ] 

(1) The volomo of the air in the hell initially =:^ (bj-a). 

If bo the length of the bell oecnpicd by the air finally, the 
Tolnmc of the air then 

=J (b-p) -portion of the man above the water 

=:.if (b - - (da - Asa), since d<a is the Tolnrac of the water displaced 

by the man, 

=d {b-p-a+as) 

Hence if 11', H" bo the prcESiires of the air initially and finally wo 
have, by Boyle’s Law, 

d (b - «) X n'=d (6 -/S - a + oi) X n". 

Bat, as in Art 123, 

n'=w(i»+a+/i) and n"=w {b-p+a + h), 
where h is the height of the water barometer 
Hence 

(p~a)(b+a+Ji)={b-p^a+as){b-p+a+h). 

- /P-P[2b+a+ii-o+o*3 + os(b-f o+Ji)=0 . (1). 

Tins 13 a qnadratio equation for p. Its second term is clearly 
negative, and its third term is po&ih\e Hence its roots aro positive 
Tims p 18 positive 
Hence the level of the water rises. 

(2) If B be the total height of the bell, the amount of water in 
uiniuaUy=d(H-b) 

The amount finally 

=d [H-(b-p)] -amount of water displaced by the man 
—A [B—b+pj—Aas 

Thus amount of water imtially-amonnt finally 
=Aas-Ap=s-A(fi-as) .. 

But equation (1) can be written 

(P-as)(p-2b-a-h+a)=as(b-a)t 


( 2 ). 


160 HYDBOSTATIGS Exs XXV. 


The seoond faotor on the left-hand side is clearly negative, and 
the right-hand side is positive, 

/3-a« IS negative 

Henoe the nght-hand side of (2) is positive 
Hence initially the amount of the water in the bell is greater than 
the final amount 

(3) Tension of the chain mitially 

=wt of the bell-i-wt of the man- wt. of the water displaced 
=W-^Aaxu)-Alyu> 

Tension of the dham finally = IT- .i {b-p)w 
.*. Initial tension - final tension 

=AastB-Afiw=Au(tu-p)=poBihve, as m (2). 

The tension of the cham is therefore diminished 


21 A diving bell is immersed m water so that its top is at a 
depth a below the surface, the height of the air within the beU bemg 
then X and the height of the water barometer bemg h If a bucket 
of water, of small weight W, be now drawn up mto the b^, prove 

Tl^ df 

that the tension of the chain is mcreased by approximately 


22 If cylmdncal diving beQ, of height a and of such internal 
volume that it would contain a weight TF of water, be lowered so that 
the depth of its highest point is d, prove that, when the temperature 
IS raised from t” 0 to tj" G , the tension of the supportmg cham is 

dimmished by ^ nearly, A bemg the height of 

the water barometer and a=:^^ 

23 If a-diving bell m the shape of a cone, of height a, be lowered 
till its vertex is at a depth <2, prove that the hei^t x of the part of 
the bell occupied by the air is given by the equation x*+x^ (A-i-d)=a*A, 
where A is the height of the water barometer 

If the temperature of the oir mside be now raised from T° to 
{T+tY, prove that the tension of the supportmg cham is dmunished 

by - ■ , where W is the weight of the water the cone would 

^ 3A+3d-l-4a!’ 

contain, and a is the coefficient of expansion, the squares of a bemg 
neglected 


24 A oylmdncEil divmg bell, of height b, is immersed m water 
with its highest pomt at a depth a below &e surface, if the barometer 
nses so that the mcrease of the pressure on its top is P, shew that 
the alteration m the tension of the chain is approximate^ 

^/{a^-A)®-^467^J’ 
where A is the height of the water barometer 
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125 Syringe Th,e simplest fonn of the pump is 
seen in an ordmaiy syringe 

It consists of a hollow cylinder at 
whose end is a nozzle G Within this 
cyhnder there works an air-tight piston 
The end of the syringe G is placed under 
the surface of a liquid and the piston 
raised ; the pressure of the air forces the 
hquid up into the cylinder to fill the 
vacuum which would otherwise be formed 
below the piston. 

When sufficient liquid has been raised 
the syringe is taken out^ and the liquid 
ejected again through the nozzle G by 
reversmg the motion of the piston 

126. The principle of all pumps is that of suction. 
A partial vacuum is created and the atmospheric pressure 
forces the hquid in to fill up this partial vacuum. This 
principle was by the older philosophers expressed by 
saying that Nature cNhora a vacuum. It was later found 
that this abhorrence extended in the case of water to a 
height of not more than about 34 feet 

127. Valves are used in suction pumps and in the 
construction of air pumps 

They are made so as to allow water, air, &c to pass 
through the holes, which they close, in one direction but 
not in the other; but there is always some leakage even 
with the best valves. 

In an ordinary pair of bellows the valve is a leather 
flap closing a circular hole, this allows air to enter when 
H. 
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the bellows is being expanded, when the bellows are 
compressed the leather is pressed down tightly on the hol^ 
and the air cannot pass out. 

The valves iTand F in Art 128 are generally circular 
discs of metal turning round a hinge at their edges In 
the case of the air-pumps, the valves usually consist of a 
portion of oiled silk, secured at both ends to a plate of 
brass in which is a narrow slit through which the air passes 
The silk IS adjusted so that its central part is over the slit 
When the pressure on the far side of the plate is the 
greater, the silk lifts, and air passes in When the pressure 
on the near side is the greater, the silk is pressed tightly 
down over the slit, and the latter becomes air-tight 

Another valve is shewn at .7' in Art 146 ; it consists of 
a metal ball which accurately fits a circular hole, this is 
hfted when the pressure below exceeds that above 

Theoretically a valve should lift when there is any 
excess of pressure on one side, practically in any valves 
there must be a small excess of pressure before it will lift 

128 The Common or Suction Pump This 
pump consists of two cyhnders, AJS and JSC, the upper 
cybnder being of larger sectional area than the lower, and 
the lower cybnder being long and terminatmg beneath the 
surface of the water which is to be raised. 

Inside the upper cylinder works a vertical rod termi- 
nating in a piston BF, fitted with a valve F w/ncA only 
opens upwards 

This piston can move vertically from B to L where 
the spout of the pump is At B, the junction of the 
two cyhnders, there is a valve iV which also only opens 
upwards 
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tbe common tump 

TIio VK worked by n lever GIIK^ Kfraigbt or l>cnt, 
n bong the fulenun and K the end at w hich the force is 
applied. 



v^c^lon of f^c Pump Suppose the pinton to bo at the 
lower extremity of the upper cylinder ond that the water 
baa not risen jnsido the lower cylinder. 

By a vertical force applied at K the piston j!?i7 is raised, 
the ^alvo F therefore remaining closed. Iho air between 
the piston and the vaho Jf becomes rarefied and its 
pressure therefore less than that of tbo air in PC. 

The \alvc JV’’ thereforo rises and air goes from JJC into 
the upper lylinder. The nir in PC in turn becomes rare- 
fied, its pressure becomes Ic'-s than ntmosjihcric pressure, 
and water from the reservoir rises into tho cylinder CP 

^When tho piston reaches L its motion is reversed. The 
air betw con it and If becomes compressed ond sliuta down 
the valve If , When this air has been compressed, so that 
its pressure is greater than that of the atmosphere, it 
pushes tho valve F upwards and escapes Tins continues 

31—2 
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till the piston is at B when the hrst complete stioke is 
finished 

Other complete strokes follow, the water rising highei 
and higher in the cylinder CB until its level comes above 
B, provided that the height GB be less than the height of 
the water baiometer This is the one absolutely essential 
condition for the workmg of the pump 

[In practice, on aceonnt of nnavoidablc leakage at the valves, the 
height GB must be a few feet less than the &ight of the water 
barometer ] 

^t the next stroke of the piston some water is raised 
above it and fiows out through the spout LM At the 
same time the water below the piston will follow it up to 
£, provided the height CL be less than that of the water 
barometer 

[If this latter condition bo not satisfied the water will nse only to 
some pomt P between B and L and in the succeeding strokes only 
the amount of water occupying the distance BP will be raised ] 

129 The two cyhnders spoken of in the previous 
article may bo replaced by one cylinder provided that a 
valve, opening upwards, be placed somewhat below the 
lowest point of the range of the piston. 

The lower cylmder need not be straight but may be of 
any shape whatever, provided that the height of its upper 
end B above the level of the water be less than the height 
of the water barometer 

The height of the water barometer being usually about 
33 feet, the lowest point of the range of the piston must be 
at a somewhat less height than this above the reservoir so 
that the pump may work 

130. Tension of the Piston rod 

Let A be the area of the piston, h the height of the water 
barometer, and to the weight of a unit volume of water 
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The tension of the piston rod must overcome the diffei- 
ence of the pressures on tlie upper and lower surfaces of 
the piston 

Firsts let the water not have risen to the point B but 
let its level be Q. 

The piessure of the air above Q 

— pressure of the water nb Q 

— pressure atC— to. GQ^w{h — CQ). 

The pressure on the lower surface of the piston there- 
fore equals A y.ui{h — CQ) and that on the upper is equal 
to X wh. Hence, if T be the required tension, we have 

T A. w (h — CQ) s=A to h 
T-Axw.CQ. - 

Secondly, let the water have risen to a point P which 
is above the valve JV 

^ The pressure at a point on the uppei surface of tlio 
piston 

=to DP + wh=‘to(h + DP) 

The pressure at a point on the lower surface 

— loh—w CD—w{h — CD) 

Hence we have 

!P-^A.w{h~CD) = A.v){h-i-DP). 

T=A w.GP. 

Hence, in both coses, the tension of the rod is equal to 
the weight of a column of water, whose sectional area is equal 
to that of the jnston, and whose height is equal to the distance 
between the levels of the water within and without the 
punyp. 
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131. To find the distance through which the wator ts 
raised during the nth stroke of the fiston. 



With the figure and notation of Art 128, let 3^u-i 
liie point the water has reached at the beginning of the 
nth stroke, and the point at the end of this stroke. 
Xjot — 9^—1 and CIC^i — a^» 

Let £L = I, and let the length CD of the pipe = c. 

Let A be the area of the section of the barrel BL, and 
a that of the pipe CB 

When the surface of the water is at X„-i and the piston 
at B, lot n' be the pressure of the air above and 13 
that of the external air 

.*. n = n'+wa^_i (Art 31) 


• •• 


(!)• 

t 
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When tlie surface of the water is at and the piston 
at L, let n" bo the pressure of the air abovo j then 

n=ll" + w«„ (2). 

Kow at the beginning of the stioko the air inside the 
pump occupied the length X„^iE of the pipe and its volume 
was therefore a x i e. a (c — 

At the end of the stroke this same air occupied the 
length X„B of the pipe and the length EE of the barrel, so 
that its volume was then 

a X X„E + A X EE, 
te a(e'-x„) + AxL 

Hence, by Boyle’s Law, we have 

n' X {a (c- « n> (c - «„) + Al} (3) 

Hence, by (1) and (2), 

(n X a (<!~!B„_,) = (lI~wx^){o(c- sc,,) + Al). 

But, if ^ bo the height of the w'ater barometer, n = toA, 
and hence 

o (k- (o - x„_,) = (A-x„) {a (c - x„) + Al}...{i) 

This IS a quadratic equation to give sc^, when a„_j is 
known. 

Oiling n m succession tho values 1, 2, 3, .. wo have 
the heights to whicii tho surface of the water has risen at 
the end of tho Ist, 2nd, 3rd strokes (since ;ro« height of 
tho water above 0 at the beginning of the first stioko = 0), 
gii en by the equations 

dhc = (A - a^) {a (c - sc,) + Al], 

a {h - *,) (c - a^) = (/t - a^) {„ (,. « + M}, 

a (h - !&>) (c “ <Cj) s= (A Xj) {a (c - a^) + Al), 
etc. 
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132 If the nth stroke be the last complete stroke 
that 18 made before the \rater enters the barrel, the pre- 
ceding article must be shghtly modified 

At the end of the (n -t- l)th stroke, let the height of the 
surface of the water above B ha y Then the equations 
(1) and (2) of the last article become 

n = n' + (1) 

n = n"-j-M;(c + y) (2) 

Also the volume a(c— a^,) of air has expanded to the 
1 olume A (BL — y), 

ie 

Hence, by Boyle’s Law, 

n" X J.{Z-y) = n'x o(c — a?„) j 
[n-io(c-hy)]xji(Z-y) = (n-tta^) x a(e-x„), 

M ^(A-c-y)(Z-y) = o(A-a„)(c-a:„), 
an equation to give y 

At the nest stroke the water passes out at L. 

133 Ez. 1 IS the iarrel of a common pump be 18 xnehee long 
and tie lower end 21 feet above thS surface of the water, and \f the 
teetion of the pipe be -^^he of that of the barrel, find the height of the 
water tn the pipe at the end of the first strohe, assuming the height of 
the water barometer to be 22 feet 

Let A and A A be the areas of the sechons of the barrel and pipe 
respeotively, and let x feet be the required height The onginal 

( 3 \ 9^ 

I^Xx21 J cub ft =-^oab ft At 

the end of the first up stroLe the volume 

= n ^ 1=^ [® " n] • 

Its pressure then, by Boyle’s Law, 


9A 
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where II is the external atmosphono preBsura. Hence n colnmn x of 
water 10 supported, the pressure at the bottom bemg n ana that at 
21 

the top being n . 

... n=„,4-ng|^. 

But n=w 82. 

(32-*)(28-x)=21x82. ' 

A a* -60* +224=0. 

z=4 feet 

Ex 2 1/ the barrel of a common pump be 2 feet long, and tU 

lotoer end be 26 feet above the surface, and tf the area of the section of 
the barrel be 6 times that of the pump, find in how many strobes the 
water Will reach the barret, the height of the water barometer being 
82 feet. 

Here 1—2, 0=26; .4=6a; h=82 

Hence the equation (4) of Art 181 becomes 

(82 — (26 — — (82 — (26 — x „ + 6 x 2J 
=(32-a;„)(38-*J 

Hence ®„=*„_j+6. 

[The other root would bo found .to be 64-x-_,, which is clearly 
inadouBBible ] 

Kow sc,=ht at commencement of the worhmg=0. 

a;j=®0+6=6, Sg=a;2't'6=12 

Bo *1=18, *4=24, *4=80, whioh is greater than the length of 
the pipe 

Hence the water at the end of the fifth stroke has reached the 
barrel 

Thus at the end of the sixth stroke it will flow out of the spout 

134, Lifting Puznp This is a modification of the 
common,pump The top of the pump-barrel is in this case 
closed and the piston rod works through a tight collar 
which will allow neither air nor water to pass. 
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The spont is made of smaller section than m the 
common pump , instead of tommg down- 
wards it turns up and conducts the water 
through a vertical pipe to the height 
reqiured. 

The spout is furnished at E with a 
valve which opens outwards 

As the piston rises this valve opens 
and the water enters the spout When 
the piston descends this valve closes and 
opens again at the next upward stroke. 

Bv this process the water can be lifted 
to a great height provided the pump be 
strong enough. 

135 Forcing Fnmp In this pump the piston I?E 
IS sohd and has no valve The lower barrel BC has a valve 
at JS opening upward as in the common pump 

There is a second valve E at the bottom of the upper 
barrel opening outward and leading to a vertical pipe GE 

In its descendmg stroke the piston drives the air 
through F, and in its ascendmg stroke the valve F is 
closed, N IS opened, and the water rises in CS as m the 
common pump 

When the level of the water is above B the piston in 
its descending stroke drives the water through F up into 
the tube GE In the ascendmg stroke of the piston the 
valve F closes and prevents the water in GE from return- 
ing 

In this manner aftei a succession of strokes the water 
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is raised to a height which depends only on the pressure 
on the piston and the Btrongth o£ the pump. 



The flow in the forcing pump as jnst described will be 
intermittent, the water only flowing during the downward 
stroke of the piston. 

To obtain a continuous stream the pipo from F leads 
into another chamber partially filled with air. From this 
chamber a tube LM^ whoso end is well below the air m the 
chamber, leads up to the height required 

When the piston DE is on its downword stroke the air 
in this chamber is being compressed at the same time that 
water is being forced up the tube LM 

When the piston is on its upward stroke and the valve 
F therefore closed, this air being no longer subjected to the 
pressure caused by the piston endeavours to recover its 
ongmal volume In so doing it keeps up a continuous 
presauro on the water in tho air chamber and forces this 
water up the tube, thus keeping up a continuous flow. 

136. Fire-engine. Tho “manual” firc-engmo is. es- 
sentially a foremg pump with an air chamhor. 
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There are ho\^ever two barrels AB and A'B' each con- 
necting with the air vessel, and two pistons, D and D', one 
of which goes down whilst the other goes up. 



The ends T and T of the piston rods are attached to 
the ends of a bar TMT, which can turn about a fixed 
fulcrum at M 

A practically constant stream is thus obtamed , for the 
air chamber mamtsins the flow at the instants when the 
pistons reverse their motion 


EXAMPLES XXVL 

1, The height of the barometer column yanes from 28 to SI 
inches What is the corresponding variation in the height to which 
water can be raised by the common pump, assuming the sp gr of 
mercury to bo 13 67 

2, If the water barometer stand at B3 ft 8 ms and if a eommon 
pump IS to be used to raise petroleum firom an oil-well, find the 
greatest height at which tlio lower valve of the pump can be placed 
above the surface of the oil m the well The sp gr of petroleum 

IS 8 

3, A tank on the sea shore is filled by the tide whose sp gr is 
1 025 It IB desired to empty it at low tide by means of a common 
pump whose lower valve is on the same level as the top of the tank 
Fmd the greatest depth which the tank can have so that &is may be 
possible when the water barometer stands at 84 ft 2 ins 
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4 One foot of the barrel of a pump contains 1 gallon (10 lbs ) 
At each stroke the piston works through 4 inches The spent is 
24 feet above the surface of the water in the well, how many foot- 
pounds of work are done per stroke? 

5 If the fixed valve of a pump be 29 feet above the surface of 
the water, and the piston, the entire length of whose stroke is 6 inches, 
be when at the lowest point of its stroke 4 inches from the fixed 
valve, find whether the water wiU reach the pump harrd, the height 
of the water barometer being 32 feet. 

6, If the length of the lower pipe of a common pump above the 
surface of the water bo 16 feet and the area of the banel of the pump 
16 times that of the pipe, find the length of the stroke so that the 
water may just rise into the barrel at the end of the first stroke, the 
water barometer standing at 32 feet If the length of the stroke of 
the piston be one foot, find the height to which the water will nse at 
the end of the first stroke 

7, A hft pump 18 employed to raise water through a vertical 
height of 200 feet If the area of the piston bo 100 square mches, 
what IS the greatest force, in addition to its own weight, that will be 
required to lift the piston? 

8, The area of the piston in a force pump is 10 square mches 
and the water is raised to a height of 60 feet above the piston 
Find the force required to work the piston 

g. A foromg pump, the diameter of whoso piston is 6 mehes, is 
employed to raise water from a well to a tank If the bottom of the 
piston he 20 feet above the surface of the water m the well and 
100 feet below that of the water m the tank, find the least force to 
(1) raise, (2) depress the piston, the friction and weights of the valves 
bemg neglected, and the height of the water barometer being 32 feet 

10, Find the work done in each stroke of a common pump after 
the water has nsen to the spout 

11. A force pump is used to suck water from a depth of 4 metres 
and drive it to a height of 60 metres; if the diameter of the plunger 
be 20 oms , find the force on the piston rod both in the backward and 
forward strokes 

12 The oyhnder and barrel of a common pump have the gnmo 
sectional area If the level of the water m the cyhnder is raised 
through the same distance m each of the first two strokes of the 
piston, prove that the height of the water barometer is the arithmetic 
mean between the greatest and least distances of the piston from the 
surface of the water m the well 

13 The lower valve of a common pump is 10 feet above tlio 
water, and the area of .the barrel is five tunes that of the pipe IpoVting 
to the well, if the height of the water barometer be 34 feet and the 
water just nse up to the level of the lower valve at the end of the first 
stroke, find the distance through which the piston moves. 
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14, The lower valve of a pnmp ib at a height of 28 feet above the 
water in the well, and the whole length of the stroke of the piston is 
9 inches, and when the piston is at its lowest point it is 3 inches from 
the lower valve, will the water ever nee into the pnmp-barrel, the 
height of the water-barometer being 84 feet? What is the greatest 
height to which the water will nee t 

[When the piston does not go qmte home to the valve at the 
bottom of the barrel, it is thus seen ^at the depth from which water 
can be raised is lessened ] 

15. In the common pump, shew that the water will rise mto the 
upper cjhnder at the end of the second stroke, if 

t ^+"*-3+® (2«+«0=0, 

where e, I are the lengths of the lower and upper oylmder, n is the 
ratio of the area of the cross-section of the latter to that of the former, 
and h is the height of the water barometer 

137. Air-pumps form another class of machines 
Their use is to pump the oir out of a vessel in which a 
vacuum is desired 

Smeaton’s Air-Pump. This Pump consists of a 
cylinder CD having valves opening upwards at 0 and D, 
within which there works a piston D having a valve which 
also opens upwards 



The valves must be very carefully constructed to be as 

air-tight as possible 

• 

The lower end £ is connected by a pipe with the vessel, 

or receiver, A, which is to be emptied of air 
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Suppose the working to commence with the piston at B 
The piston is raised and a partial vacuum thus formed 
between it and ^;-the pressure of the air below B opens 
the valve at B and air from the receiver follows the piston 

At the same time the air above D becomes condensed, 
opens the valve at C, and passes out into the atmosphere 

When the piston is at G its motion is reversed, the 
air between it and B becomes compressed, shuts the valve 
B, and opens the valve at 2). The air that was between 
the piston and B therefore passes through the piston valve 
and occupies the space above the piston. 

Thus m one complete stroke a quantity of air has been 
removed from below B 

In each succeeding stroke the same volume of air (but 
at a diminishing pressure) is removed, and the process can 
be continued until the pressure of the air left in the 
receiver is insufficient to raise the valves. 

The advantage of the valve at C is that during the 
downward stroke of the piston the pressure of the air 
above it becomes much less than atmospheric pressure, and 
hence the piston-valve is more easily raised than would 
otherwise be the case 

Also the work which the piston has to do during its 
upward stioke is considerably lessened. 

138. Rate of Exhaustion of the Air. Let F be the 
volume of the receiver (including the passage leading from 
the receiver to the lower valve of the cylinder), and F' be 
the volume of the cylinder between its higher and lower 
valves 

Ijet p be the original density of the air in the receiver, 
and Pi the density after the first half stroke The an 
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which onginally occupied a Tolume V of density p now 
occupies a volume (r+ F') and is of density 

F p = (F+ F') pi, by Boyle’s Law, 

te ft = 7 J p-/ P (1) 

When the piston has descended to B again a volume F 
has escaped, so that we now have a volume. F in the 
receiver of density pi 

The process is now repeated Hence, if p, be the density 
in the receiver after the second complete stroke, then 
F / F 
p»-r+ r ^~\r+ 

So the density after the third complete stroke 

F 




and the density after the nth stroke = f y — p ) p 

This density is never zero, so that, even theoretically, a 
complete vacuum can never be obtained 

A fairly good air-pump will give, in the limit, a pressure 
equal to about -^th mch of mercury in the receiver , about 
one quarter of this is the lowest limit ’that has probably 
been attained by an air-pump 

Ex If the receiver he six times as large as the barrel, find how 
many strokes must be made before the density of the atr ts less than 
hqlf of the original density 

tr F 6 6 

F+F'~6-H~7 


6 

h=ijP, 




86 

/» = 49/>. ft=U] P = 


6\» 216 






1296 
'2401'’’ 

Ps<^P‘ 

Q^hercfore 6 strokes must be made 


7776 


16807' 
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139. Tlie double-barrelled or Hawksbee’s Air- 
pump. This machine consists o£ two cylinders, each 



similar to the single cylinder in Smeaton’s Pump and each 
furmshed with a piston These two pistons are both turned 
by a toothed wheel E, the teeth of which catch in suitable 
teeth provided in the pistons. 

This wheel is turned by a handle FF, 

As one piston goes up the other goes down In the 
figure the left-hand piston is descendmg and the right-hand 
piston IS ascending 

One advantage of this form of machine is that the 
resistance of the air which retards one piston has the effect 
of assisting the descent of the other. 

The rate of exhaustion in Hawksbee’s Pump can be 
calculated in a similar manner to that for Smeaton’s 
Pump. In this case F is the volume of each cylinder 
and n is the number of half strokes made by each piston, 
4 e the number of times either piston traverses its cyhnder, 
motions both in an upward and downward direction being 
counted. 


L H 


12 
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Hawksbee’a Air-Pump was also made with only one 
barrel, so that it was then like Smeaton’s, except that it 
was open at the top of the cylinder 

140 Mercmy Gauge, or Manometer 

The pressure of the air in the receiver is shown at any 
instant by an instrument called the mercuiy gauge 

This has two common fonns 

In one form it is a small siphon barometer, consisting 
of a small bent tube with almost equal 
arms One arm has a vacuum at A above 
the mercuiy, and the other arm is open at 
C and connected with the air in the re- 
ceiver As the pressure in the receiver 
diminishes the height of the mercury m 
the vacuum tube diminishes also, and the 
pressure of the air m the receiver is 
measured by the difference of the levels in 
the two arms of the gauge 

In another form it consists of a straight 
barometer tube, the upper end of which 
communicates with the receiver, and the 
lowei end of which is immersed in a vessel of mercury 
open to the atmosphere As the pressure of the air in the 
receiver diminishes the mercury is forced up this tube, and 
the height of the mercury in the tube measures the excess 
of the atmosphere piessure dver the pressure of the air in 
the receiver 

141 If h be the range of the piston tn a Smeaton’s Air-Pump, a 
the distance from the top of the barrel in its highest position, b the 
distance from the bottom in its- lowest position, and p the density of the 
atmosphere, shew that the limiting density of the air tn the receiver is 

ah 

{h+a){h+b)^ 
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■When the piston D is in its lowest position at the commencement 
of any stroke, let be the density of the air between it and B, and 
therefore also that of the air between it and G (Fig , Art 137) 

Also let ff be the density inside the receiver 
Then in order that the density c may be farther lessened, the 
valve at G must be raised during the next stroke, and so also must 
the val\o at B 

Daring the stroke the length of air h+a of density <ri is reduced 
to a length a of density and thus the upper valve is 

CL 

raised if 


7i+a 




( 1 ) 


Also the length of air h of deneity_(ri is during the same stroke 
allowed to expand to length 7i+l» of density » snd thus the 
lower valve is raised if 


<n> 


From (1) and (2) wa have ' 


7t+7> 


( 2 ) 


b ttp ab 

^ h+a^ {h+a)[h+b)'‘ 


Thus the density of the air inside the receiver can never be reduced 
below pnmp will oeaso working when the density . 

has this value 


Hence jt is clear that it is necessary to push the piston well home 
at the end of each stroke This is especially the case when the 
density of the air in the receiver is approachmg its hmit 


The length, a or b, of the barrel whioh is untraversod by the 
piston is called the *' clearance ” 


[The weights of the valves have been neglected ] 

It follows, similarly, that m a Hawksbee’s air-pump the limitin g 

density is p, where b is the distance of the piston m its lowest 

position from the bottom of the barrel, and 7t is the length of its 
stroke. 


142 The Air-condenser; or Condensing Air- 
p'omp The object of this instrument is exactly opposite 
to that of the Air-pump, viz to increase the pressure of 
the air m a vessel instead of dimmishmg it. 


12—2 
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The condenser consists of a vessel A, to vrhicL is 
attached a cylinder CB, in \rhich 
works a piston D In-^the piston 
D and at S (between D and the 
vessel A) are valves, both of which 
open downwards. 

When the piston is pressed 
down, the air between D and B 
becomes condensed, opens the 
valve B, and is forced mto the 
vessel A 

When the piston gets to its 
action IS reversed, the atmosphere 
outside presses the valve D open, 
and the pressure inside A^ bemg 
now greater than that of the air between B and the piston, 
shuts the valve B 

,When the piston gets to the highest point of its range, 
the motion is agam reversed, and more air is forced mto A 

The vessel A is provided with a stop cock B, which can 
be used to close A when it is desired 

A sbghtly different form of condenser is one form of 
pump used for inflating the tyres of bicycles The piston rod 
DO IS hollow and is attached at C to the entrance to the tyre 

A 


It contams a valve at D When the piston is at the end 
of the cylmder at B, air enters through the hole B behmd 
the piston The cylmder is then pushed forward and the 
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piston D moves past B and cnts off communication with 
the atmosphere; as the cylmder is still further pushed 
forward the air in AD is compressed and forced through D 
into the piston-rod DC and so through the tyre-valve into 
the tyre 

The hole at 5 is often omitted. The end of the piston 
at D IS furnished with a circular piece of leather, some- 
what similar to that on Page 187, which fits closely to 
the cyhnder. Tins leather allows air to pass when the 
cyhnder is pulled hack, but not when it is pushed forward 
The connection with the outer air is then made by a small 
hole at the end of the cyhnder at B 

143. Density of the Atr tn the Condenser. Iiet Fbe 
the volume of the vessel A, including that portion of the 
cyhnder below the valve 5, and V that of the cylmder 
between the valve B and the highest point of the range of 
the piston 

In each stroke of the piston a volume V' of air at 
atmospheric pressure is forced into the condenser 

Hence at the end of n strokes there is in the condenser 
a quantity of air which would occupy a volume V+nV at 
atmospheric pressure. 

If p be the ongmal density of the air and p, the density 
after n strokes, we have 

p (F+«F)=p„ F. 
r + nV’ 

•• Pn Y — P 

Ez A condenser and a Smeaton's Air-pump have equal barrels and 
the same receiver, the volume of either barrel being one-tenth of that of 
the receiver, if the condenser be worled for 8 strokes and then the 
pump for 6 strokes, prove that the density of the air in the receiver vnll 
be approximately unaltered 

If p be the original density, the density at the end of 8 strokes of 
the condenser = p = « 

r 10 ^ 
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Also the density at the end of 6 strokes of the pnmp 


18 


1800000 


=1 016p 


18 ^ 
= 10'”‘ll« 


“ 1771661' 

Hence the final density is very nearly eqnal to the original 
density 


144 Tate’s Air-Pnmp This is a form of pump in 
common, use It consists of a pair of pistons, A and By 
connected by a rod 'With a handle F The distance between 
the extreme faces of A and B is very slightly less than half 
the length of the cyhnder CD At A, the middle point of 
the cylinder, a passage leads to the receiver from which the 
air IS to be expelled IVhen B is at 2>, the piston A is just 



to the right of E (smce the distance between the extreme 
faces IS less than ^ C' J)') At F and F are two valves, both 
opening outwards 

In the figure the piston B is moving towards D' and 
dn'ving the air out at F When B gets to D\ E is placed 
in communication -with the space to the left of A, on the 
motion being reversed tlie valve 7' closes, and the air to the 
left of A IS compressed till its pressure is greater than 
atmospheric pressuie , the valve F then opens, and lets tbia 
air out 

When A gets to G, the passage A is in communication 
with the space to the right of B and some of the air in the 
receiver expands into this space, and at the next stiolce 
foi ward of the piston is forced out through V 
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The handle being worked alternately forward and back- 
waid, the air in the receiver is thus exhausted. 

Thia form of pump has advantage over Smeaton’s form 
in that two valves, one m the piston and one leading to 
the receiver, are not wanted A greater degree of ex- 
haustion can thus be produced 

146. When a very high degree of exhaustion is 
required, as in the case of the globes of electric lamps, 
the preceding air-pumps are not sufficient, as the necessity 
of lifting the valves sets a hmit to then* working 
Other pumps must be used, one sucb is 
Sprengel’s Air-Pump This machine 
consists of a vertical glass tube ABGt the 
lower end of which dips into a vessel Q 
contaimng mercuiy, and the upper end 
of which connects with a vessel E contain- 
ing mercury At J? a glass tube connects 
with the receiver which is to be exhausted 
The length BG must be greater than the 
height of the mercury barometer. The 
mercury in is allowed to run down 
through ABC , as the mercury passes B it 
breaks into drops, and encloses portions 
of air which come from the receiver 
through the tube DB , this ear is earned 
down into the mercury G, and so passes 
into the atmosphere 

As this process continues the pressure of the air in BB 
diminishes, until the metaUic jsound caused by the falling 
drops of mercury shews that practically no air is carried 
down with it The height above G at which the mercury 
then stands inside the tube BG is very nearly equal to the 
height of the mercury barometer. 
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Thev^sel E must not be allo'wed to become empty, the 
mercury overflows from G into another vessel, and this 
latter is continually being used to replenish the amount in 
the vessel E 


EXAMPLES. XXVn. 

1, Fmd the ratio of the receiver of Smeaton’s Air-pump to that 
of the barrel, if at the end of the fourth stroke the density of the air 
m the receiver is to its original density as 81 256 

2, The cylinder of a singlp-harrelled air-pump has a sectional 
area of 1 square inch, and the length of the stroke is 4 mches The 
pump IS attached to a receiver whose capacity is 36 cubic inches 
After eight complete strokes compare the pressure of the air in the 
oyhnder with its ongmal pressure 

3 In one air-pump the volume of the barrel is ^th of that of 
the receiver and in another it is -^th of the receiver Shew that after 
three ascents of the piston the densities of the air in the two receivers 
are as 1728 1331 

4, If each of the barrels of a double-barrelled air-pump has a 
volume equal to one-tenth of that of the receiver, what diminution of 
pressure will be produced m the receiver after four complete strokes 
of the handle of the pump? 

5, If the receiver of an air-pump be siz tunes as large as the 

barrel, find how many strokes must be made before the density of the 
air IS less than (1) (2) ^ of the original density 

6, In one pump the barrel has -jl^th of the volume of the receiver 
and in another it has ^th How many strokes of the latter are 
required to produce the same degree of exhaustion as six of the 
former? 

7 In the process of exhausting a certam receiver after ten strokes 
of the pump the mercuiy in a siphon gauge connected with the receiver 
stands at 20 mches, the barometer standing at 30 inches At what 
hei£^t will the mercuiy in the gauge stand after 20 more strokes 7 

8 If the piston of an air-pump have a range of 6 inches and at 
its highest and lowest positions be one fourth of an inch from the 
top and bottom of the barrel respectively, prove that the pressure of 
the air in the receiver cannot be reduced below ^^th of atmospheric 
pressure 

9 If the capacity of the barrel of a oondensmg air-pump be 
80 cubic ems and the capacity of the receiver 1000 cubic oms , how 
many strokes will be required to raise the pressure of the air in the 
receiver from one to four atmospheres? 



xxvn. 


AIE-PUMFS, 


185 


10. The barrel of a condensing air-pnmp is one inch in diameter 
and 8 incdies long The tube of a pnenmahc tyre when inflated is one 

in diameter and 80 incflieE long If to begin with the tyre is qnite 
empty, how many strokes of the pnmp will bo needed to inflate it with 
air at twice the atmospheno pressnxe ? 

11, In a condenser the area of the piston is 6 square inches and 
the volume of the receiver is ten times as great as the volume of the 
range of the piston. If the greatest intensity of the force that can be 
used to make the piston move be 165 lbs wt , And the greatest number 
of complete strokes that con be made, the pressure of the atmosphere 
being taken to be 15 lbs wt per sq in. 

12 If of the volume B of the cylinder of a condenser only G 
is travelled by the piston, prove that the pressure in the receiver 

cannot be made to exceed atmospheres. 

xj — G 

13. The capacity of the receiver of a Smeaton’s Air-pump is eight 
times that of the barrel; what frachon of the fifth upward stroke has 
the piston desenbed when the upper valve opens? 

14 If the upper valve in a Smeaton's Air-pump opens when the 
piston IS three-quarters of the way up, what was the density of the 
air in the receiver at the commencement of the stroke? 

15. A Epeiddng tube, who«e section is one square inch m area, is 
found to be blocked A condensing pump is attached to the tube, 
and after 30 strokes the pressure of the air m the tube is found to be 
4 times that of the atmosphere. If the capacity of the barrel of the 
pump be 50 cubic inches, shew that the obstruction is distant 41| feet 
from the mouth of the tube 

16. A condenser and a Smeaton’s Air-pnmp have equal barrels 
and the same receiver, the volume of the latter being twenfy times 
that of either barrel ; if the condenser be worked for 20 strokes, and 
then the pump for 14, show that the dcnsify of the air in the receiver 
will be approximately what it was to start with 

17. If air bo taken from a vessd of volume A and condensed in a 
vessel of volume A' by a barrel of volume B of which the clearances 
C, <T at the ends arc not traversed by the piston, prove that, neglecting 
the weights of the valves, the hmitmg ratio of the pressure in A to 
that in A' is 

CC’ 

(B-q{B-cy 

18. The volume of the barrel of a condenser is t> and a volume o' 
of It IS below the piston when the latter is pushed doivn ns far as it 
will go If the valves open when the difference of pressure between the 
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two Bides is p, and 11 be the atmospheric pressure, prove that the 
maxiiunm pressure that can be produced m the air in the receiver is 

(n-i») 

10, In a Hawksbee’s Air-pump, if A be the volume of the receiver 
and B that of the barrel, and if the piston fail to traverse a volume C 
at the bottom of the harrel, prove that the density after n strokes is 



times that of the atmosphere. 

146 Bramah’s Press This machine, used for ex- 
erting great pressures, has been referred to already in 
Art 12 Its essential form is there shewn 

The annexed figure shews a section of the machine 
as actually used A small solid pluhgei is woiked by the 



lever RD When this plunger moves upward, the valve 
at F rises, and liqmd comes from the lower reservoir 
below F 

When the plunger is moved downwards, this valve at 
F shuts, and the liquid is forced through a valve into CE 
and so into A 
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When the machine "was first invented, great difficulty 
was found in making it watertight The water forced its * 
way out through the apertures through which the piston 
rods pass 

This was overcome by the use of a leather collar of tlie 
shape annexed 

This collar, saturated with oil to make it water-tight, 
fits with its concavity downwards in a groove in the side 
of the aperture When water attempts 
to pass between the piston and the side of 
the aperture, it forces this leather collar (j/ 

tightly against the sides of the piston, 
and the greater the pressuie of the water the more tightly 
docs the collar fit The water is thus, by its own pressure, 
prevented from squirting out 

147. Siphon. The siphon is an instrument used for 
emptying vessels containing liquid It consists of a bent 
tube ABG, one arm AJi being longer than the other liC 

B 



Tlie siphon is filled with the liquid and, the ends A and C 
bemg stopped, is inverted, the end G of the shoiter aim 
being placed under the level of the liquid in the vessel 
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The instrument must be held so that the end A is below 
the level of the bqiud in the vessel 

If the ends A and G be now opened the bquid will 
begin to flow at A, and will continue to do so as long as 
the end A is below the surface of the bquid 

To explain the action of the instrument Let B be the 
highest point of the siphon Draw a hne BMN vertically 
downwards to meet the level of the surface of the liquid m 
M and a horizontal hne through ^ in 

Let Q be the pomt m which the horizontal plane 
through P meets the limb BA 

Consider the forces acting on the hquid in the siphon 
just before any motion takes place 
The pressure at Q = pressure at P 

= pressure of the atmosphere 
Also pressure of the liquid at A 

= pressure at Q + wt of column IfM. 
Hence the pressure of the hquid at A is greater than 
atmospheric pressure, and therefore the hquid at A will 
flow out and the hqiud in the hmb BA will follow 

A partial vacuum would tend to be formed at B and, 
2 >romded the height MB be less than h, the height of the 
barometer formed by the liquid, liquid would be forced from 
the vessel up the tube CB and a continuous flow would 
take place 

The siphon is self-acting , the work is done by gravity 
as the liquid flows from the higher to the lower level 

148 The two conditions which must hold so that the 
siphon can act are 

- (1) The end A (or the level of the liquid into which A 
dips) must be below the level of the liquid in the vessel 
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Trhich is to bo emptied Othenvise the pressure of the 
liquid at A would bo less, iustead of greater, than atmo 

spheric pressure, and the liquid would not flow out at A 

« 

(2) The height of the top of the siphon above the 
liquid at P must be less than the height of the correspond- 
ing liquid barometer For otherwuse the pressure of the 
atmosphere could not support a column so high as JfE 

In the case of water the greatest height of E above P 
is about 34; ft , for mercury it is about 30 ms. 

149. Ex. TTat^r U fuiving ovt of a rcsrel through a txphon 
Whot Kould talo place xf the prettvre of the atrto*phere xeere remned 
and aftencards rertored (1) xchen the letter end tt xmmerted tn tcater, 
(2) xBhen xt u not f 

In the first case the VAter in the ttro arms of the Siphon wonid fall 
back into the two vessels and a vacunm would be left in the siphon 
On the restoration of atmospheno pressnre the siphon would resume 
its action. 

In the second caso the two nms would empty themselves ns 
before , on the restoration of the air the latter would now enter the 
open end of the siphon and fill it; consequentb no action would now 
take place. 


EXAMPLES. ZXVHL 

1 Over what height can water be earned by a siphon when the 
mercutial barometer stands at 30 inches (sp gr mercury=13 6) f 

2. 'What IS the greatest height over which a liquid (of sp gr 1 5) 
can be cam^ by a siphon when the mercury stands at SO inches, the 
Ep gr of mercury being 18 6? 

3. An experimenter wishes to use a siphon to remove mercury 
from a vessel 3 feet deep Why will be not Lo able to remove all 
of it by this means? 

4. A cylindneal vessel, whoso height is that of the water baro- 
meter, IS three-quarters fall of water and is fitted with an air tight lid 
If a siphon, whose highest point is in the surface of the hd and the 
end of whoso longer arm is on a level with the bottom of the vessel, 
be inserted through an air- tight bole in the bd, prove that onc-third 
of the water may be removed by tbo action of the siphon. 

5 What would happen if a email hole were made in (1) the 
shorter limb, (2} the longer limb of a eiphon m action? 



IdO 



CHAPTER IX. 

CENTRES OF PRESSURE. 


160 In the present chapter we return to the subject 
of the centres of pressure of certain areas immersed in 
liquids Some results have been already stated in Art 43 


liquidt 

\/151 


151 Graplvusal conatmction for tlie centre of presmi e 
of any plane area tmmersed tn liquid 



Let ABG be any plane area, through all the points 
A, JB, G on its boundaiy draw lerticol lines AA', BS", 
CG' to meet the surface of the liquid in points A', B", 
G' 

Consider the equibbnum of the cylinder thus cut off 
The foiroes^actan g on its, curved surface are all bffr igontal^ 
and thus have no component m a vertical direction 
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The forcM pn tbo planojbase ABC are all pci'pendicular 
to the_brtse, and thus by the laws of composition of parallel 
forces {Statics, Art 63) may bo replaced by one single 
force, which is perpendicular to ABC and acts through its 
centio of pressure P 

The vertical component of this single thrust, (since it is 
the resultant vertical thrust of Art. 45), must balance the 
weight of the cylinder which acts through its centre of 
gniMty G, and thus OP must bo a straight line 

Hence tJie cenUc of pressu re of a ny pkmc area is the^ 
votnt t?i icAic/i Ota area is met bu the vertical hne d/ravm 
throu gh the centre cf gravity of the c ifhntfer formed^ hy 
drawing straight lines through the boundary of the area to 
meet the surface of the liquid 

Tlie above construction seems to fail when the plane of 
ABC 18 vortical. 

In any position of ABC, which is not vertical, let ST 
be the intersection of its plane mth the surface of the 
liquid, and let tlie plane STAGB bo turned round ST into 
any other posihon (including the vertical position). Tlienl 
the pressures at the diflerent points are nil altered propor- 
tionately, and they are all turned through the same angle 

Hence by the prmcijiles of the Composition of Parallel 
Poices thou centre is unalicicd 

^162 Centre of jnessure of a leclangular lamina im- 
vuiised in hoiiingcneous liquid with one side in the surface 

Let ABGD be a icctanglo inclined at a finite angle to 
the ^ Cl tical plane through AB, which is in the surface of 
the liquid 

Draw vertical lines thiough all the points on BC, CD, 
DA to meet the surface in BR, RQ, QA 

• For proofs, by the use of the Integral Galoulns, of this and the 
two following Articles see Pages 249 ^351. 
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Then, by Art 161, the centre of pressure of the 
rectangle is the point P where the vertical line through 



the centre of gravity G of the wedge ABRQDC meets the 
rectangle 

But -dL, M, N he the middle points of AB, CD, BQ it 
is clear that the a G of the wedge coincides with the o a of 
the ALMJY , 

Hence, bisecting LM in B, and taking EGsi^EN, we 
have G the centre of gianty 

If we draw GP vertically, we have, by similar tri- 
angles, 

EP EM EG 'EE 1 ; 3. 
EP=^EM=\LM, 

and LP=LE^EP=.\LM^\LM=%LM 

Hence the centre of pressure lies on the middle line of 
the rectangle at a distance down equal to tw^-thirds of it 

Cor As in Art. 161, if the rectangle be turned round 
AB till its plane is vertical, the position of its centre of 
pressure is unaltered 

^ 153 Centre, of pressure of a triangle xmitnerseA in 

homogeneous liquid with one side in the surfcwe 

Let ABC be a triangle with its base BC in the surface 
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of the liquid, and its plane inclined at a finite angle to the 
vertical. 



Draw AR vertically to meet the surface in R. 

Then (as in Art 151) the required centre of pressure is « 
the point in which the vertical through the centre of gravity 
of ABGR meets the triangle ABC 

If D he the middle point of BG, BE - ^BA^ EG = \ER, 
and GP he d^a^vn vertically to meet EA in P, then G is* 
the centre of gravity of ABGR (Statics, Art 107) and 
P IS the required centre of piessure 

By similar triangles, EP ; EA EG . ER :• 1 *4:. 
EPr=:^EA = ^y(%BA = iBA 
BP=BE+EP=^IDA + ^BA = ^BA. 

Hence the centre of pressuie bisects the median BA 

Cor. If a he the vertical depth of A helow BG, A he 
the aiea of the tnangle, and w the specific weight of the 
liqmd, the whole thrust acts at P, and 

= to . A X depth of the centre of giavity of the triangle 

The thrust on the triangle is thus equivalent to two equal 
forces, each ^to A a actmg at the middle points oi A B 
AG. 


U H. 


13 
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^ Aliter Conceive the tiiangle to be divided into a veiy . 
laige numbei of narrow stnps of "equal breadth by etiaight 
lines parallel to the base BG. 



, Let PQUY^ P'Q’U'V be two such stnps equidistant 
respectively from BG and A, so that LB = AB', and 
JDB'=AB 

If the distances BS and B'S' are equal, the areas are 
pioportional to PQ and PQ 

' Also the piessure at each point of PQUY is proportional 
to BD ultimately. 

So the pressuie at each point of P^V Y' is proportional 
to jR'i? ultimately 

whole piessure on Pt7 PQ DB _ QB ' AB' \\j[> 

whole pressure ouPU*~ PQ' DB' ~ Q !B' ' ABJ ^ 

_/^BAE 
AE/ AB ~ 

Hence the pressures on PTJ, PU' are equal, and they " 
act at equaf distances fiom 0 the middle point of AD , 
hence their resultant is at 0 

Similarly for any other such pair of stnps 

Thus the centre of pressure of the whole triangle is at 
0, the middle point of the median DA 
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154. Centre of presmte of a triangle immersed in a 
liquid vnih a vertex in the surface and the opposite side 
horizontal 

Let ABC be a tnangle with the vertex A lu the surface 
and the side BC horizoutaL 



Through B, C draw vertical hnes to meet the surface in 
R, Q, 

Then, as in Art 151, the required centre of pressure is 
the point in which the vertical thiough the centre of gravity 
of ABCQR meets the tnangle ABC. 

Smce BC is honzontal, it is equal to RQ. 

Hence if E be the centre of the rectangle BCQR, 
the centre of gravity of ABCQR is the point G where 
AG = ^AE 

Draw EJ) pei’pendicular to BC j then ED bisects BC 

DrW GF vertically to meet AD in P. 

Then P is the required centre of pressure. 

By similar tnangles, ilP . AD ii AG . AE :: 3 : 4. • 

.. AF = ^AD. 

\ 

Tints the required centre of pressure divides the median \ 
in the ratio 3,1, ' 
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155 We shall now ^ve another method of obtaining 
the results of the preiuous articles , it consists of a division 
of the area into very thin strips, the thrust on each of 
which IS knovm and also its centre of pressure, and then 
of an application of the formulae of Siaiics, Art 111. 

156. Bectongle. 



Let AD-a and AB = h. 

Divide the side AB mto a large numbei, n, of equal 
parts so that each of the distances 

AAi, AiAq, ApAf+i, A„^iJJ 
13 equal to the small quantity 

Through the points A^, A^, draw Imes parallel to AD, 
thus dividing the icctangle mto a senes of equal very tlun 
strips 

Each such stnp may thus be considered to have the 
pressure at each pomt of it the same, and thus the whole 
pressure on it acts at its middle pomt which is on the 
straight Ime LM, which joins tho middle points of AD and 
BG 

Now the stnps being very thin, its centre of 

pressure and centre of granly will comcide very approxi- 
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mately mth the middle point of A^Df, and thu3 they both 
tJ) 

mil be at a distance — from L. 

n 

Hence, since the thrust on each strip is equal to 
its area x depth of its o g , 

the thrusts on the strips AjEa, A^Dg, A„-iC are clearly 


b aib 2b ah 36 


ah (« — 1) 6 


n 


ah 

— X—, — X — , X 

n n n n n n n 
and they act at distances from L equal to 

6 26 36 

““ f S “““t ••• 

n n n 

Hence, if 5 be the distance from L of the centre of 

pressure, we have [Staitcs, Art 111] 

'6\® ah 


ah 


n 

x= — 


/ 6 Y 06 /foy w fn — 16y 

\«/ n \n) n \ n ) 

ab b ah 2b ah n— I , 

— X- + — X — + . + — X 6 

n n n n n n 

(«-l) n (2» — 1) 

6 1U2» + 3»+ +(w-l)» 6 G 

n 1+2 + 3+ + (ti — 1] n 


_b2n-\ _2b\-^ 1“| 

~3 n ■' 3 L 2tcJ* 


(ti— 1 ) n 
2 


How let n bo made indefinitely groat in which case - is 

71 


ultimately zero 


26 

a = -^ , as before. [Art 162 ] 


Cor The proofs both of this Article and of Art 162 
hold if the rectangle be replaced by a parallelogiam ivith 
one side m the surface 
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■*/ 157. Triangle with its -vertex in the surface and the 
opposite side horizontal 

/ 

Let AD = D being tbe middle pomt of the base BG, 

Let the triangle ABC be divided into a veiy large 
number, n, of very thm strips by straight lines Bfii, 



Bf}^, t BfCff Bfi_iGn-i, all parallel to BG, and' which 

i 

divide the distance AD into distances - at the points 

n ^ 

Dj, D^ -On-l* 

* ^j) 

By similar triangles B/jf — -jjA x a 

Hence the area of the very thm strip B/J^ ^r+l-®r+l 

T 

oe AD^j %e cB^d 

The depth of its c o os AD,., ze ee -d [For the o a. is 
the middle point of ■®r-®r+l and hence coincides veiy nearly 
with Df ] Hence the total pressure on BfJr+i “ ^ 

Also the centre of pressure of this strip comcides very 
ncarlj with i?r. and thus its distance from A is very nearly 
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Hence, by the rule for the centre of any system of 
parallel forces, "we have 

_ S (pressure on each el ement x diet of its c P ) 

* ~ 3 (pressure-on each-element) 

\tr n / 




, for all values of r from 1 to « - 1, 


J,[l'' + 2>+3»+.. +{n-iy] 


^,[P+2»+... + (7.-1)T 


f (w-l) n y 

d \ 2 J 6 n-1 

n{n—i) «(2w — 1) 4 2n— 1 



Now let n become infinitely great, so that - becomes 


zero 


Thus 


_ Sd '3 . 


^ ^ EXAMPLES. XXIX. 

\/ 1. A triangle is wholly immersed in a liquid with its base in the 
surface Shew that a honzontnl straight hue drawn through the 
centre of pressure of the tnangle divides it into two parts the 
thrusts on which ate equal' 

’■ 2 A cubical box filled with water is closed by a lid without 
V eight which can turn freely about one edge of the box, and a string 
is tied symmetrically about the box in a plane which bisects this 
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edge, if the lid he in a vertical plane irith this edge uppermost, 
prove that the tension of the string is equal to one-third of the 
weight of the water. ^ 

Z k. rectangular bos of thin sheet metal in the shape of half a 
'cube has one edge hinged honzontallj on a vertical wall, the square 
face of the box next the wall being removed Find the weight of the 
metal per square foot so that, if the box be filled with water, none 
‘shall leak out, the length of the edge of the box being a feet. 

^ 4 Shew that the depth below the surface of a liquid of the 

centre of pressnre of a rectangle, two of whoso sides are horizontal 

^nd at depths a and 6, is § • 


[Produce the vertical sides of the rectangle to meet the surface of 
the hquid, then the thrust on the given rectangle is eqnal to the 
difierence of the thrusts on two rectangles, eaifii of which has a side 
in the surface, also these thrusts and their points of application are 
known by Arts 39 and 156; then proceed as m Statiet, ktt 116 1 t 

5 lengths of the two parallel sides of a trapezium are a and 
h and the distance between them is ft , if the trapezimn bo immersed 
m water with its plane vertical and the side a in the surface, prove 

tt *4* 3& 

that the centre of pressure will be at a depth x g below the 


surface 

•A* 

6 A lamina in the shape of a quadrilateral ABOD has its side 
GB m the surface of a liquid and the sides AD, BG vertical and equal 
to a, respectively. Shew that the depth of its centre of pressnre is 


2 • 


7. A cubical box is filled with water and has a closely-fitting 
heavy lid fixed by smooth hinges to one edge, compare the tangents 
of the angles through which the box must bs tilted abont the several 
edges of its base so that the water may just btgin to escape 

8. Find the centre of pressure of the case of Art 154 by consider 
mg it as the difieience between the cases of Arts 152 and 153 


168 A plane area %8 tmmersed in a homogenemis 
liquid, and Hie depths of its centres of gravity and pressure 
are respectively a and hi if the whole area he now lowered 
(witJwut any rotation), to Jind the new position of the centre 
ofpneisure 
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Lot G bo tho centre o£ giavity, and P the centre of 
pressure, of the area m the first positron when BO is the 
surface of the hquid. 



Let tho area be depressed through a distance h\ or, 
nhat is equivalent, let a depth U of liquid be supeninposed 
on BO, 

In the original position tho thrust on the area was 
equal to A aw acting at P (Art 39), where A is the given 
aica and w the specific weight of tho liquid 

Tho effect of putting on tho additional liquid is to 
incicase the pressure on each element of A by tho 
amount due to the depth h, that is, by toh per unit of 
area 

The resultant of all these additional pressures is thei e 
fore Awh acting at G. 

TJie point P’ at which acts the resultant of Aaw at P, 
and Atoh at G, is clearly tho now centre of pressure. 

By tlie rule for compounding parallel forces, it follow*! 
that P' lies on and divides it so that 

PP' P’6 Awh Awa, 

It h 9 a. 
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159. From the preceding article, by taking moments 
about B'C, -we have 

fepth oi J> below ' 

^ Aaw + A/ito 

_ A* + 2aA + ab 

A + a 

Hence the depth below tiie new surface of the new 
centre of pressure 

— depth below the onginal surface of the original centre 
of pressure 

A* + 2aA + ab , , 2o — 6 + A 

; o = A X — , 

A + a a + A 

so that the depth of the centre of pressure below the mifaoe 
of tJie water is greater by this amount 
Also depth of jP below BG' 

— depth of P „ „ 

A* + 2o7i + ab ,, , . ,h — a 

s- (0 + A) = — A r , 

A+a ' ' A+o 

and this quantity is always negative 

Hence «n the <vrea ttself the centre of pressure is rawed 

through the distance A i — - 
^ A + d 

Also the vertical distance between the centre of gravity 
and the centre of pressure in the second position 
_ A* + 2aA + ah . 
h + a '* 
and hence oc inversely as A + 0 , 
t e oc mversely as the depth of the 0 G below the surface 
It follows that, the greater the depth, the more nearly , 
does the centre of piessure approach to the centre of 
gravity, and hence that at a'u infinite depth the two 
centres coincide 


, . o6 — a® 
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160. If the position of the centre of pressure of an 
area, when the atmospheric pressure is neglected, be known, 
its position may now be found when this pressure is taken 
into account 

For if h be the height of a barometer filled with the ^ 
same bquid as that in which the area is inserted, the 
atmospheric pressure is eqmvalent to superimposing a 
depth h of the liquid, as in Fig Art 158. 

161 Ex * Find tohat effect an atmosphene pressure, equal to a 
leater-barometrie height h, has on the position of the centre of pressuie 
in the ease of Art. 162. 

When there is no air-prcssnie, the thrnst on the rectangle is 
atx^xw and aets at P, irhore LP=^, 

<6 O 

The atmospheno pressare is eqniTalcnt to abxhicio, and acts at 
E, 'nrhere LEss ^ . 

Toking moments about L, mo see that the distance from L of the 
new centre of pressure 

b 2b , 6 

abx^xwx-g-+abx7iwx- 

abx—’habxhiD 

J_Z!Z_h 2b+9h 
^ b+2h “8 6+2A • 

EXAMPLES. XXX. 

/^. A square lamina is just immersed yortically in water, and is 
then lowered through a depth b, if a bo the length of the edge of the ^ 
square, proye that the distance of the centre of pressure from the ^ 

centre of the square is ;; — 

00+126 

/ 2. A triangle, of base a and altitude h, is placed in jivater with 

its plane yortical and the side a horizontal and at a depth k below ^ 
the surface of the water; find the depth of the centre of pressure, the 
vertex being the highest point of the triangle. 
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y Z If the triangle m the previons question be placed \nth the 
\ertex at a depth h and the opposite side a horizontal, the plane of 
the triangle being -rertical.'find the depth of the centre of pressure, 
the vertex being the lowest point of the triangle 

» 

4. An equilateral triangle, each of whose sides is 6,^/3 feet long, 
is immersed wertically in water with its side in the surface which is 
open to the air If the water barometer stand at 34 feet, find the 
depth of the centre of pressure of the triangle 


5 A triangle has its base in the surface of a liquid and its vertex 
downwards , if the atmospheric pressure be equivalent to a height h 
of water, prove that the centre of pressure will be higher by a distance 


hS 


^ aTs when the atmospheno pressure is neglected, where B 

IS the distance of the centre of gravity of the tnangle below the 
surface of the water 


6 If the tnangle in the previons question has its vertex in the ^ 
surface and base honzontal, find the corresponding distance 


7, If the position of the centre of pressure of a plane area be^ 
known when the atmospheric pressure is neglected, prove that* its 
position when the atmospheno pressure is included may be found by 

^the following rule, the depths of the centres of pressure and gravity 
below the free surface in the second case are in the same ratio as the 
depths of the corresponding points in the first case, each increased by 
^ the height of the water barometer, also the two centres of presstjro 
le on a straight line passing through the centre of gravity 

8, A plane area is completely immersed in water its plane bemg 
nrtical, it is made to descend in a vertical plane without any 
otation and with uniform velocity, prove that the centre of pressure 
ipproaohes the honzontal through its centre of mass with a velocity 
vliich IS inversely proportional to the square of the depth of the 
ientre of mass 


162 TKe centre of pressure of any tnangle immersed 
\n liomogeneous liquid coincides wUh the cent/re of parcdld 
forces acting at Vie middle points of the sides and of maqnir 
\udes proportional to the depths of Vievr middle points 

Let ABC bo a tnangle with its vertex A in the sui'face 
the hquidj-and its base BG in any position, and let BG 
lie produced to meet the surface in K Let D, E, F be the 
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middle points of the sides of the tudnglo, and E'^ F' the 
middle points of GK, BK. 



A «i 

Let AK=i, and lot /?, y bo the depths of the points B 
and C below AE Tlie area of the ti langlo ABE = 

Then, by Art. 153 Cor, the whole thrust on ABE is 
equiralcut to forces -^-riolfF at F and F\ t e to forces X)8* 

at A and E and 2X^ at J5, where 

So the thrust on the triangle ACE is equivalent to 
forces at A and E and 2Xy* at G 

Now the whole thrust on ABC is equal to the diffeience 
boti\ccn the thrusts on ABE, AGE, and is thus equivalent 
to fotces 

X (/3® - y*) at A, 2\(P at B, — 2Xy® at C 
and \(^—/)at,E . ... (1) 

Now since BE CE . /? y, 
a force {fi-y) at E is equivalent to — y at ^'Und at G, 
Art 53], and hence X(/3* — y®) at E 
= —Xy(fi + y) at jB and Xj8 (j8 + y) at (7 
Hence the forces (1) are equivalent to , 
at^. X(^®-y®), 

at B, 2X^ — Xy(^ + y), ie X(/S— y)(2/3 + y), 
at (7, -2Xy* + X/3(/3 + y), ie X (^ - y) (/3 + 2y) (2) 
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Now the area A of the triangle ABO = ^ — that 

Hence the forces (2) are equivalent to i 

^ (i3 + y) at A, ^ (2)3 + y) at 5. and ^ 08 + 2y) at 0, 

. . wA S . „ toA y . „ j to A fl + y . y, 

te to -g- at -g-.| at jE; and at 

t.a to forces at D, E, F proportional to their depths 

Next let the triangle be depressed through a distance 
a*, and let )8’, y he the new depths of B and C, 

Then P — a! and y' = a' + y 



The effect of this depression is to cause an additional 
thrust to A a' at the ao of ABC, 

that IB, -g- o' at each of D, E, and F, [Statics, Ait. 104. 
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Tbo thrust on the triangle is then equivalent to 


U)A 

x' 


, ie 

lOii. 

X 

;8'+y 

2 

at D, 

wA 
3 ' 


t e 

toA 

X 

y +a' 
2 

at E, 

wA 

X 


t e 

toA 

X 

a’ + p,' 
2 

at F. 


Hence with the tnangle in any position the centre of 
piessure coincides with the centre of forces acting at the 
middle points of its sides of magnitudes proportional to the 
deptlis of these middle points 

Cor. By the formula for the centre of parallel forces 
[Statics, Art 111] the depth of the centre of pressure 

itfA + yV toA /y + a \* loA /a + j8' \* 

_ 2 ; ^T-\ 2 ) 

taA yS' + y _ wA y + a ^ toA a' + fi' 

“3 

4(a' + ^' + y) 

a » + /8'» + y'> + /3'y + y V + a'/T 
2(a' + /3' + y') 

163 By the use of the preceding theorem the centres 
of pressure of many figures may be obtained by dividmg 
them up mto triangles 

Ex A regular hexagon, ABGDEF, ts immersed in water with one 
side AB in the surface, shew that the depth of its centre of pressure is 
to that of Its centre of gravity as 23 to 18 

Lot 0 be its centre and d,, Bj, C„ F, be tbo middle points of 
OA, OB, OF and P, Q, B, S, T, U the middle pomts of AB, BO, 
CD, DE, EF, FA. 

Let POsa. 
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Then the depths of Q, V nre each 

those of Gi, Fi are each a, 
those of R, Di, E^, T are each 

and that of S is 2a 

The areas of the six triangles into \rhich the hexagon is dmdef 
are all equal, and nre thus hare to place at the middle points of each 
side of each triangle a force proportional to the depth of the point 

We thus have one force ^ 0 at depth 0, 


- vtA 

BIX forces — 

a 

2 * 

1) 

a 

2’ 

icA 

four forces -g- 

a » 


». 

wA 

SIX forces 

3a 

T” 


3a 
2 ' 

and one force ~ 

2tt„ 

»« 

2a 


Hence {Statics, Art 111) the depth of the centre of pressure 

3+4+9+2 18“ 


J 


EXAMPLES XXXL 


1 Shevr that the depth of the centre of pressure of a triangular 
I lamma, the depths of whose angular points are a, p, and 7, exceeds 

the depth of the centre of gravity by 

fa(o+/3+7) 

Shew also that it is the centre of parallel forces at the angular 
pomts proportional respectively to 2a +/3 -I- 7, a + 2/3 +7, anda+/3+27 
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A tnangle ABG lias tho vertex A m the entfaco of water and 
angular poiiits B, C at depths x and y rcspectivelj, tho height of 
the water barometer being h, find the depth of tho centre of pressure 
of the triangle. 

A rhombns is Immersed in a liqnid with a vertex in the 
surface and the diagonal throughi that vertex vertical , prove that the 
centre of pressure divides tho diagonal in tho ratio 7 5 


4. A square is immersed, with its diagonal vertical, and its 
lowest point as deep again as its highest point. Find the depth of 
Its centre of pressure 

.^'S. Tho depth of the centre of prdsnre of a rhombns totally 
immersed, with one diagonal vertical and its centre at a depth h, is 

h + , where a is tho length of the vertical diagonal 

> 

h 6 . A parallelogram has its corners at depths hj, h^, 7ig, below 
the surface of a hqmd, and its centre at a depth h , shew that the 

dqjth of its centre of pressure is — — — * . 

^7. A regular hexagon is immersed in water with one side in the 
surface ; find the depth of tho centre of pressure of the npper half 


8 . Show that- the centre of prebsuro of a rhombus immersed in 
two liquids, which do not mix, with a vertex in the npper sorfacc and 
a diagonal in tho common surface, divides tho other ^agonal in the 
ratio 6 . 3, if the density of the lower hqmd be three tunes that of the 
npper 


♦*9. A rectangle immersed in n liquids of densities p, 2p, Bp, np, 
which do not mix, the top of the rectangle u in the surface of the first 
liquid, and the area immersed in each is the same, prove that the depth 

of the centre of pressure of the rectangle is p” — ^ x 5 , where h is the 

depth of the lower side 


O 



Ar 

Pr 

Gr 


B, 


14 
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10. A plane qandnlntornl ABCD ie entirely unmcrsed m water 
witli the Bide AB in the surface If the depths of G and D below the 
surface ore 7 and S respectively, and that of the 0 a is A, prove that 

the depth of the centre of pressure is ^ ^ • 

Shew that a quadrilateral so immersed cannot have the depths of 
its centres of gravity and pressure in the ratio of 2 3 

**11 Jf a, /5, 7, She the depths of the four comers of a quadrilateral 
area immersed in water, prove that the depth of the centre of pressure is ^ 

a+p+y+S Py+ya+e^+aS+pS+yS 
2 Ch ’ 

where h u the depth of the centre of gravity 

Let ABCD he the quadrilateral, the depths of A, B, C, D being 
P, 7f S respectively. 

Let X, y be the areas of the triangles ABT), BCD Then since the 
depth of the centiea of gravity of ABB, BCD are 

and 

o o 


wo have 


1 x-x{a+p-t-S)+yx{p+y+S) 
8 x+y 


( 1 ) 


.... ( 2 ) 


/J+^+S~3A a+^+5 — 37i 

Now the thrusts on the tnangles ABD, BCD are 

a+p+S , 5+7+5 

*x — and y^^—^ — xw, 

and the depths of their centres of pressure are, by Art 1C2, Cor 
a®+/S®+6®+a/3 + o5+^5 ^+’i^+S*+Py+yS+Sp 

2(a+/5+5) “ 2(/3+7+5) 

Hcucc, if X he the depth of the required centre of pressure, 

sxUi±£±5+»»e±?±-*l 


L 

- 10 


= 6 [*(a®+/S*+8»+o/3+a5+55)+y(/5»'+7*+5’+/57+75+5p)] 
I c , by equation (1), 

-_l.. a;(a«+/3«+5«+tt5+ tt5+551+y(/y+V»+ff»+flvH 75+55 

"b 

(5+7+S-8/»)(o»+/S*+59+«5+o5+55) 

-(a+5+8-3A) (/y+7°+y-*+57+75-| SP) 

" /t(7-o) 


'o’*' 


14—2 
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Ezb XXXI 


1 . (a-7) [aj8+a7+a5+/Sy+/S5+T8]+3fc(7-o)(tt+/5+7 + 8) 

“6^ h(y-a) ’ 

on rednobon, 

a+/J+7+8 o^+a7+o8+/S7+/58+78 

“ 2 “ 6h 

12. A square, whose side is 2a, Is immersed m water, its plane 
but none of its sides bemg verhoal Shew that the centre of pressure 
hes vertically below the centre of the square at a distance from it equal 

l|9 

to where h is the depth of the centre of the square below the 
eSecbve surface 

13. A square is partly immersed m a liquid so that its plane is 
verbc^ and its eentre in the surface Show that the centre of 
pressure of the immersed part is always vertically beneath the centre 
of the square. 
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CHAPTER X. 

ROTATING LlQtriDS , 

164. A SURFACE of equal pressure is a surface such 
that at all points of it the pressure is the same 

The resultant thrust at any point of a fluid at rest, or 
of a perfect fluid in motion, is perpendxeular to the surface 
of equal pressure passing through the point 

Consider any point P in the fluid and take an elementary 
length PQ lying in the surface of the surface of equal 
pressure passing through P 

Consider an indeflnitely thin cylinder, whose axis is FQ 



The pressure on the ends P and Q are equal, since the 
areas of the ends are the same, and P and ^ lie m a 
surface of equal pressure 

Sence the resultant thrust on this cylinder is perpen- 
dicular to PQ. 
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Similarly it is perpendicular to any other straight line 
■dra-vrn through P in the surface of equal pressure 
Hence it is perpendicular to this surface. 

165 If a vessel, and the liquid contained in it, rotoUe 
vmifomdy aboui a vertical aoeis, the free surface of the liquid 
IS a paraboloid, le the surf axe formed by the revolution of 
a parabola about its axis 



Let the surface of liquid take the shape of the surface 
generated by the revolution of the curve APR about OA 
the axis of rotation 

Let o> be the uniform angular velocity 

Consider any small element of the hquid at any point 
P of the surface of the hqmd, and draw a normal PC to 
the curve Then the thrust, R, of the hqmd on this element 
IS in the direction PG 

[For the eniface generated hy APS' is m contaot with the air 
whose pressure is constant Hence APS generates the surface of 
equal pressure through P and therefore, by the last article, the 
direction of the resultant thrust is perpendicular to this surface ] 

The only other force acting on this element is a force 
my vertically downwards, where m is the mass of the 
element 

Draw PJf perpendicular to the axis AG 
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Tlion P describes a ciicle of radius NP with angular 

V 

velocity < 0 . 

Hence, by Dynamics, Art 135, there must be a force 
acting on it along PiT equal to mtu’ . PN. 

This force must be the resultant of the two forces 11 
and mg. 

Resolving vertically and horizontally, we thus have 

Pcosd— tny = 0 (1), 

and P sin d s= mo ? . PN (2), 

where 0 is the angle NGP, 


tand = 


o? PN 


te. 


^ = PN cot 0 = At?. 
or 


Hence the curve AP ^s such that the sub normal NG 
is constant Now tins is a properly of the parabola, in 
which the sub normal is equal to the semi-latus-rcctum 
[Also it could bo shewn, but the proof would requii-e 
the Integral Calculus, that no other curve possesses this 
property ] 

Hence the curve AP is a parabola, of latus-rectum 
whose axis is the axis of rotation. 

U)-* 

The surface of the water, which by symmetry is the 
surfcMie formed by the rotation of the cuive JP about the 
veitical, is thus a paraboloid. 

. Cor. Prom the fundamental property of the parabola, 
we have 

PA® = latus-rect xAN=:— AN, 

or 

and this relation is true for all points P lying on the 
surface. 
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166. To find the pressure at any point of the rotating 
liquid. ' ' 



Let Q be any point in the liquid Draw a straight line 
QP vertically upward to meet the surface m P. About 
PQ as axis describe a very thin circular cylinder in the 
liquid of small sectional area a Draw PA, QM perpen- 
dicular to the axis AMN of rotation. 

If p be the pressure of the bquid at Q, the vertical 
forces acting on the small cylmder PQ are p a vertically 
upwards at Q, and its weight ypa QP vertically downwards, 
where p is the density of the bquid. 

Since the motion is one of steady revolution, the cylinder 
QP has no vortical acceleration Hence the vertical forces 
on it vanish, and thus 

r 

pa—gpa QP=0. 

p=ffp QP=gp 
^gp{AN-AM). 

But, by Alt 166, Pm=% AN 

= QM^-g AM). 
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If Q bo below A, as at Q\ then 

M‘N=M'A^AN, 

and the pressure r^pQoj*. QM^ + A M'). 

Oor. 1. In tbo previous article wo have neglected the 
pressure of the air If this be taken into consideration, 
and be denoted by II, wo have an additional vertical 
pressure n . a at jP, and the value of in the preceding 
article must be increased by II. 

Cor. 2. If through each point on the curve AP we 
draw lines vertically downwards and equal to PQ, their 
ends will all he on a curve which is of the same size and 
shape ns AP. Also the pressures at the points thus 
obtained will be the same Hence 

The Burfacea of equal pressure are equal paraboloids 

167 Ex 1 A circular cylinder closed at the toj) i» very nearly 
Jilled with liquid, and tt and the liquid rotate with uniform angular 
velocity u about the axis which is vertical, find the total thi usts of the 
liquid on the bottom and top of the cylinder. 



Let BODE bo the section of tho oyhndor by a piano through its 
nxifi AO 

JSit tho height AO=h, and the radius OD of tho bnso = r. 

When -wo soy that tho cylinder is “veiy nearly filled with hquid” 
wo imply that before rotation co mm enced tho pressure was just zero 
at the top BAE of tho cylinder. When the liquid is rotating it is clear 
that the pressure is least at A, and so the pressure will bo still zero 
there. 
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Draw a parabola PAT?’ with its axis in tbo direction OA and 
2(7 

lalns Tcotnm -4 . 

or 

The pressure at any point of tho liquid is thus that due to its 
vertical depth below tho surface generated by tho lovolution of this 
parabola 

(1) Tho thruet on tho base CD thoroforo 

= weight of the liquid that would occupy thorspaco between CD 
and this paraboloid 

=wt of cylinder JPO-wt of paraboloid PjIP' 

=wt of cylinder PC- ^wt of cylinder PD ^ogox. 

=gp,rt^xDP-^gp xt^xEP 

Now PN»=M an, i.e. AN=^ r». 

2g 

thrust on CD 

—gp rT*[DP-^EP]=:rgp T*[h+^PP] 

=irppr* III + J ilN] s= T/ir® . 

f2) Again the thrust on BE is upwards, and is equal In magnitude 
to tho weight of liquid that nould oooupy tho volume between BE and 
the paraboloid, and thus 

=wt of cylinder PD- wt of paraboloid PAP' 

=^wt of PB=gp ^m^.AN 
= Jirpr*®* 

Ex. 2 A circular cylinder, vhose height u h and the radius of 
lohose hate it r, ts initially filled with liquid, the cylinder and the 
liquid rotate about the axis with angular velocity u, find how much of 
the liquid It spilt 
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Let ^P'DCP bo the section of the oybnder by the piano of tlio 
paper, the axis being NAO 

The free sarfaco is a parabola, Trhose latns rcctnm is and it 




most go tbrongh P, P' 

It IS thus a parabola ■with vertex A, where PW* = ^ AN, and 
hence 


2g 


2y‘ 


(1) Let ^ r^< ft, so that 6»< , and therefore A is above 0 os 

' ' 2p ’ . r 

in Case L 

The liquid that has been spilt is that which would fill tho 
paraboloid PAP", and hcnco its volume 

shalf tho cylinder whoso base is PP' and height NA 


9 

«Pr» 


(2) If then NAssNO, and tho vertex A of tho parabola 

coincides with tho lowest point 0 of tho axis. 

u’r’ 

(3) If -^>h, then NA>NO, and tho point A falls below 0 as 

in Case II In this case the parabola meets BG in two points Q, O', 
and wo have , 

<20’=^ AO=^^[AN-h] 

2(7ft 

In this COSO the volume that has been spilt 
svolumo of PQQ'P' 

= paraboloid APP' -paraboloid AQQ' 

~^>rPN^xAN-~^irQO*xAO 

-i-s il/',., 29ft\/'w»r» .\ 

^ ^ irtr'r* ^9^i\* _ vu- f4ghr^ 4g^ ft®-] 

^ 9 ~ wV dp L ~ J 
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Ex 8 A ttraxght tube AB, of thxn uniform erou teetion, rotatet 
with uniform angular velocity u about a lertieal axtt throunh the 
lotcer end A, Jind hote much of the liquid flotes out at the end B which 
It opttu 



Wlicn the hqntd in rotating in rrintirc cquilibrinm, let P be itc 
highoat point Then the preasnre of the hquid there in clcarlj zero 

Oonnidor the oquiltbrinm of a vciy thin section of the flaid at P, 
irhoso mass is tn It is acted on by its iroight mg acting Terticnllj 
dovrairards, and the reaction R of the tube acting nonunU) to it ns 
marked These tiro forces gi\o it its normal nccclomtion m 
where FB is perpendicular to the axis of rotation 

Beaolying horizontally and Tcrticallyr, wo hare 

Pco3a=intd* PN . . (1), 

and Psina=Rip . , (2), 

whore a is tho indinntion of tho tube to the scrticah 

Honco, by division, 

^^■^sooto, «e PZf=^ooto ^ (3) 

, p_ Fif _ g cosa 
“emo «’sin®a* 

This gives tho position of tho highest point of the fluid 

It will be easily seen that tho bquid above P will flow out For, 
if there can be any hquid obove P, let Q bo tho highest particle of it, 
and lot QjW, tho perpendicular on AJf, equal ^^P+ h To Loop it in 
cqnihbrium let ns ossumo tlint a forco S must net on it towards A in 
addition to the normal force R' Wo thon hnvo 

P'coBa4-SBma=mw* hlQszmoP ATP+Mi«*ft (1) 

li'ema-Scosasiiiy (5) 


and 
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Ehminatuig 22', we have 

S= (jncij® . NPA-mbPl) Bin o - m? cob o 
=mp COB o + jTKo’fc wfxa.—mg cob «, by (3), 
sstnu^l-Bma 

Hcnco S IB positive, and hence onr snppoBition ib correct , thus to 
keep the element at Q it mnst be pulled towards A But it cannot bo 
pulled; hence it move upwards along the tube and pass out at B, 

Similarly for every other particle of hquid above P. 

'Rt'. 4 A tennetrcular tube it filled with water, and rotates about 
the diameter joining itt two ends, which ts vertical, where must a hole 
be made in the tube so that all the liquid may escape t 



TTherever the hole is made some of the liquid will escape ; but all 
the liquid cannot escape through the same hole, unless the hole is 
made at the pomt of the tube where the last drop of the hquid would 
be found, that is, at the point P of the tube whore a single particle 
would be in relative equihbriiim 

If then 0 be the centre, BOA be the vertical diameter, and PN 
bo perpendicular to OA, a particle atP of mass m would bo m relative 
^mlibnnm under the action of its weight mg and a force B along 

The resultant of these two must thns be miP.PN along PN, 

Hence, if AOP=0, wo have, by resolving horizontally and 
vertically, 

Psmd=tnu’‘ PNf 
and B COB 0=:mg 

% tandrs— PN, 

9 

ON=PN coi0=^, 

and this gives the depth below O of the required point P. 
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EXAMPLES XXXn. 


1. A closed right oircnlar cylinder is veiy nearly filled with 
water, and is made to rotate ahont its axis which is lertical, find 
the angular velocity when the whole thrust on the base is half as 
much again as when the hqmd is at rest 


2 A closed circular cylinder is just filled with water, and rotates 
about its axis which is vertical , if the total thrust on the botton^s 

five times that on the top, prove that the angular velocity is 

where h is the height and r is the radius of the cylinder 


3 If m the previous questio n one thrust is n times the other, 
then the angular vdocity is ? 


4, A right circular cylinder, open at the top, is filled with water, 
and the whole of it revolves with uniform angular velocity w about 
its axis. If not more than half the water is spilt, find the pressure 
at any pomt of the base 


6. A hollow cone, veiy nearly filled with water, rotates uniformly 
about its axis which is vertical, the vertex being uppermost If the 
pressure on the base bo equal to six times the weight o f the enclosed 

water, prove that the angular velocify is ^^^^coto, where a is the 

radius of the base and 2a the vortical angle of the cone 


6 A cylmdneal vessel, half full of water, is made to rotate about 
its axis whidi is vertical Pmd the greatest angular velocity that may 
be given to it without the water being spilt^ and shew that the centre 
of &e base will be then just exposed 


7. A cyhnder, of radius a, is just full of water, being dosed by a 
heavy hd which can turn about a point on its rim ; prove that the lid 
will bo lifted up when the cyhnder and water are rotahng with angular 
velocify u about the axis of the qyhnder, A its weight bo less than 

^a-a*p, where p is the density of water 


8 'When a cylinder, open at the top and half full of hqnid, e 
reiolves with angular vdocity O about its axis, which is vertical, the 
liquid just reaches the upper nm , prove that the dngnlar velocity in 

order that ith of the liqmd may remain in the oylmder is O .Jn. 
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9. A circular tube is half full of liquid and is made to revolve 
round a vertical tangent line with angular velocity w, if a be the 
radius of the tube, prove that the diameter passing through the free 

surfaces of the hquid is inclined at an L tan~^ — to the horizon 

10 A quantity of water occupies a quadrant of a fine circular 
tube of given radius a TThon the tube rotates with uniform angular 
velocity u about a vertical diameter, the highest point of the water is 
at an angular distance of 60° from the highest point of the tube 

Provo tliat (,^3+1). 

11. liquid IS contained within a circular tube in a vertical plane 
which can rotate about a vertical diameter If the liquid subtend an 
an^e B at the centre, the least angular velocity to make it divide 


into two parts is 


12 A heavy liquid is contained in a circular tube, of radius a 
and of fine bore, the liqmd filbng one-fourth of the tube. It is 
set rotating about a vertical diameter with angular velocity a. If 

itfi— shew that the level of the hquid will ]UBt nee to the 

horizontal diameter whilst the depth of the free surface below the 
centre is a/y/2 

13 A circular tube, of radius a and small cross section, contains 
a quantity of water which would subtend an angle of 30° at the 
centre. It turns about the vertical diameter with angular velocity 

, shew that the highest point of the water is at the end of the 

horizontal diameter, the whole of the water being on one side of the 
vertical diameter. 

14. A tube, of small section, is in the form of three sides of a 
square of which the middle one is horizontal ; it is filled with water 
and revolves about a verbeal axis through the middle point of the 

hor^ontal side , prove that no hquid escapes unless w> tsj ^ , and 

that, if this bo so, t he amo unt that escapes would fill a length of the 

tube equal to a ^ • 'where a is the side of the square. 

15 In the previous question, if the tube revolve about a vertical 
Bide, prove that the amount which will flow out would fill a length 




or a-f 






according as 
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16 A cylinder, of radina a ftnd height h, contftins a liqmd of 
depth h If the cylinder and liquid ro\oho about the axis, which is 
vertioal, shew that the greatest angular velocity m order that no 
liquid may flow out is 

I J\/f» 

according os b is > or < 


17. A cubical box, open at the top, whooo base is honrontal is 
filled with water and made to rotate about a vertical axis through its 
centre If the centre of the base be just uncovered, shew that the 


angular velocity is 


85 


where a is the side of tho oiibo. 


18 A conical vessel, of height h and vertical angle 2a, contains 
water whoso volume is one half that of the cone , if tho vessel and the 
contained water revolve with nmforro angnlar velocity u, and no water 


overflows, shew that w must bo not greater than 



cot a 


10 A vessel, in the form of a hemisphere of radius a, is full of 
liquid, and is made to rotate with uniform angular velocity u about 
tho vertical radius of tho bowl, how much of the Iiqmd mns over? 


20 A vessel in tho form of a right oono with its vertex down 
words 18 filled with hqnid and revolves with nniform angular velocity 
u abont tho axis; if h bo tho height and 2a tho vertical angle of Ao 
cone, shew that the amount of tho hqnid that is spilt is 


provided that 


1 vu-h* 

d g 


tan* a, 




'■A- 


cot a 


21 A vessel, in tho form of n portion of a paraboloid of revolu- 
tion formed by the revolution of a parabola of latus-rectum 4a abont 
its axis, IS filled to half its hei^h^ with hqnid, what is the greatest 
angular velocity with which it can revolve about its axis so that no 
hqmd IB spilt? 

22. Water is contamed in a oup formed by tho rovolntion of a 
parabola about its ans , tho water and oup revolve with uniform 
angular volooity a about tho axis, if the latus rectum of the 

parabola be -c^, shew that all the water would escape through a 
hole at the lowest point of the cup 
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23 A Ijcmisphoncal l)ov\l, just full of water, la inverted and 
placed with its mouth downwards on a araooth horizontal table, so 
that no water escapes under the edge of the bowl The vessel and 
contained hqnid is then made to rotate with angular velocity «, and 
the ic^sel is on the point of rising, prove that its weight is to the 
weight of the contained water as 

4p+3w*fl • Bg 

24. A onp in the form of a paraboloid of revolution cut off by a 
plane perpendicular to the axis is just filled with Lqnid, and placed 
with its vertex upwards on n lionvontnl plane The whole is made to 
revolve about the axis of the cup , pr ove tha t the liquid will escape 

when the angular velocity exceeds 

weights of the cup and hquid, and 4a is the Intns rectum of the 
parabola 

25 A etreular eyhnUer, of radius r, i* floating freely in water 
with Its axis verliral At first the water u at rest and tt ts then made 
to rotate about an axis eotneidtng with the axis of the cylinder with 

angular veloeily w Shew that in the second ease an extra length -r— 

4g 

of the surface of the cylinder is wetted. 



Let h be the height of the cylinder, p its density and a that of the 

water Then in the first case a height ^ h is wotted 

«r 

In the second case let the water meet the cylinder in a circle of 
radius NP. 

If wo draw through P, P* a parabola PAP' whose latns-reotnm is 


2 £ 

Ijj* 

free surface. 


^ and whose axis is that of the cylinder, this is the section of tlie 


L n. 


16 
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2n w®r* 

Then PN^=^ AN, te AN=^. 

ftr 2^ 

If X be the length (7P of the portion of the surface which is now in 
contact W 1 & the water, then 

vtVi /)= weight of the oyhnder 

= weight of the displaced water BP'APO 
s=<r[5n^x- volume of PAP'] 
s=(r[ir»^*— irr® 



26 A cone, of semi-vertical angle 80° and of height h, floats with 
its axis vertical and vertex downwards in a liqmd whose density is 
one-third greater than its own , shew that the rim of its base will be 

just immersed if the liqmd rotate with angular velocity ^ about a 

vertical line comciding with the axis of the cone 


27 A small eorh, of mass m and sp gr <r, u tied bp a fine string 
of length I to a point in the side of a vessel containing water When 
the system is revolving in relative equilibrium with constant angular 
velocity about a vertical axis, shew that the tension of the string is 

mlg ^"1^— h, where h is the height of the cork above the point of 

attainment 


Let y be the horizontal distance of the cork from the axis of 
rotation The pressure produced by the surrounding hqnid on the 
cork will be the same as would act on the hquid which would 

occupy the same space as the cork The mass of this hqmd is — , 

<r 

and the pressure would balance its weight ^g and provide the 


necessary force —u'’y toward the axis These two forces, together 

with the tension T of the stnng and the weight mg of the cork, must 
provide the necessary normal accderation mw^y toward the axis 
Hence, if 6 bo the inclination of the string to the vertical. 


Tooze+mg='^ ( 1 ), 

and Tsinfl (2) 

From (1) we have the required result. 



Xmi ROTATING LIQUIDS. 227 

28. A email epijcrc {«i> gr >1) is attacnca by a string of length I 
to a point m a vertical axis, abont irhich a mass of water is rotating 
•nth nniform angnlar velocity « Tie “pbere is immersed in the water 
and L in relative eqaiLLrium ; skew that there is a position of eqoi- 

IftTisn: in which the eintig is not vertical, provided tost w> 

in wh.ch case the position is one of stability. 
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CHAPTER XL 

MISCELLANEOUS PEOPOSITIONS 

168. Surface of Buoyancy If a body, winch is 
floating in a liquid, tnoye about so that it takes up in 
succession every position in which the volume of liquid 
displaced by it remains unchanged, the locus of the Centre 
of Buoyancy of the body is called the Surface of Buoyancy 

If the body be a lamina, or if it be so displaced 
that the Centre of Buoyancy always remains in the same 
plane, its locus is called the Curve of Buoyancy.^ 

The section in which the surface of any liquid cuts a 
body which is floating in it is called the Plane of 
Ploatation. 

169 The tangerU plane at any point of the smface of 
buoyancy 18 parcdld to the corresponding plane of floataUon 

Consider the case of a cylindrical body whose cross 
section IS the curve ABA\ 

Let AG A' be the original plane of floatation and JT'the 
corresponding centre of buoyancy, le the corresponding 
centre of gravity of the displaced fluid ABA', 
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Let tlie body be turned through a small angle, so that 
aCa' IS the new plane of floatation, and so that the volume 
immersed remains the same, 
t e. so that volume AGa = volume A'Ga' = F' (say) 



Let Fbe the volume of aBA’C, and Gy, G^ the centies 
of gravily of the volumes ACa, A'Ga' respectively. 

Jom GiH and produce xt to K, so that 
G^H .HK .7: 7', 

and 7'xG,S'=7xUE (1) 

Hence, os in Statics, Art 116, K is the centre of gravity 
of the volume aJBA'C 

Jom KG„, and on it take H' such that 

EH' . E'G, . 7' .7 (2) 

Hence 7 x EH' =7'x H'G,, 

and hence H' is the centre of gravity of 7 at E and F* 
at Gg, 

ze H' ia the centre of gravity of aBA'd and hence is the 
new centre of buoyancy. 

By (1) and (2), we have 

G,H 7 GgW 
- HE~ 7'~WE* 

and thus, by Euc VI 2, G^Gg is parallel to EH'. 
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If now the angle AG a bo made indefinitely email, the 
points S and W become consecutive points on the surface 
of buoyancy, and the line ultimately coincides with 
AA' 

Hence ultimately the tangent plane to the surface of 
buoyancy at U. is parallel to the coriesponding plane of 
floatation A A* 

170 A proof similar to that of the previous article 
will apply to the case of any floating body whether 
cylindrical or not. In the genet al case we shew similarly 
that the line joimng R to any consecutive point R' on the 
surface of buoyancy is parallel to the plane of floatation. 

171 Tlie positions of equilibrium of a floating body 
are found by drawing normals from the centre of gravity of 
the body to the surfaee of buoyancy 

For, in the first figure of Art 169, GR is vertical 
(Art 67) and is therefore perpendicular to A A' , hence, by 
the result of Art 169, GR is perpendicular to the tangent 
plane at H to the surface of buoyancy 

Hence GR is a noimal to the surface of buoyancy at R 

The possible positions of equilibrium for any floating 
body are thus found by drawing normals fiom the centie 
of gravity of the body to the surface of buoyancy 

172. The Metaoenlre is the centre of curvature at the 
point R of the curve of buoyancy 

For, in Art 68, we defined the metacentre M as the 
intersections of the veiticals through R and a consecutive 
centre of Buoyancy R' 

But, by the last article, these two verticals are the 
normals to the curve of buoyancy at R and R\ 
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Hence the metneentro M is the intcraection of the 
normal at li to the curve of buoyancy with the consecutive 
normal at II\ 

ue M 18 tho centre of curvatuie at II of the curve of 
buoyancy. 

173 Particular cases of Oic Curve of Buoyancy. 

If the body in Art 169 be a triangle PQR partially 
immersed in bquid with its vertex P in the liquid and the 
base QR entirely outside the liquid, tho plane of floatation 
cuts ofT a triangle PAA‘ whose aiea is constant. 

The corresponding centre of buoyancy H is on the 
straight line vihero D is tho middle point of AA' and 
PE^IPB. 

li LU bo drawn hoiirontally through U to meet PQ, 
PR in L and L\ then 

pj]% 4 

area PLU = x area PA A' = x x area PAA = const 

Thus LIJ cuts off a constant triangle PLL\ and hence 
we know, from tho properties of Conic Sections, that LV 
always touches at its middle point JI cl hyperbola vihosc 
asymptotes aic PL and PL'. 

The locus of II, %e tho curve of buoyancy, is thus in 
this case a hyperbola of which tho immersed sides of tho 
triangle are asymptotes 

In the case wdieie the body immersed in tho liquid 
IS a rectangle, it can bo shown that the curve of buoyancy 
IS a paiabola 

174 Position of the Metacentre The determination 
of the position of the Metacontre is beyond the limits of 
this book 
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In the cose where the body is a symmetrical one, and 
the displacement is such that the point 0 in the figure of 
Art 169 IB the centre of gravity of the plane of floatation 
AGA\ it can be shewn that the distance HM [Eig Art 67] 

A k' 

where il = area of the section ACA' oi the body made by 
the plane of floatation, and V = volume of the immersed 
poition of the body 

When the section of the body by the plane of floatation 
IS a rectangle [including the case of a straight line when 

CA? 

the body is u lamina], =- 5 — • 

o 

CA^ 

When the section is a circle, — 

4 

In general the determination of ^ is a problem requiring 
the use of the Integral Calculus 

[The quantity A k what, in the Dynamics of a 
Rigid Body, is known as the Moment of Inertia of the 
Plane of Floatation about a line through G perpendicular 
to the plane of the paper] 

176 Assuming the result of the previous article, we 
can find the condition of stability in some simple cases 

Ex 1 Cube, of side 2a and density p, floating tn a liquid of 
density a 

a* 

Here A~4a?, V=4a?x, where *=tho depth immersed 

2 ap 

ss - • 

9 
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Hcnco the cquiltbnum is ptnhio for & small angular displacement 

if nM>no, 


le. if 


le if 


or X 


8> 


2a*p 2ay 


If if c^>Cp(ir-p). 

Ex 2 Circular cylinder, qf radtus r and htinht h, whose density 
K ptjlonting with its art* vertical tn a liquid of density a. 


If « ^ be the length immersed, 

. r* 


V ar’xx 



r sf yv etf 

Hence the cquihbrinm is stable tor a small angular displacement 

if mr>na, 


I e if 


te if 


^ h X 

4x^2‘~2’ 


f»>2/.» 




Ez. Z Cone, of density p, who*e height is h and the radius of whose 
base IS a, floating with its axis vertical and vertex downwards tn a 
liquid of density a 

If X be the length of the axis immersed, aud b bo the radius of 
the section bj the plane of floatation, then 

= ^ra*/ip, and I = I , 

BO that x^irszh^p 

Also Aszrb*, h~=^, and F=^>r6*x. 

. SIP Sa> 

V 4x 4 

Hence the equilibrium is stable if nM> UG, 

, „ So* 8/i 3x 

1C If -!T1.X>—. 


t c if 


4/1**^ 4 
h* 


4 


- = ^>00B«O, 

where a is the semi-vertieal angle of the cone. 


t c if 



234 


HYDROSTATICS. 


EXAMPLES XXXm 


1, A rectangle, of sides 2a and 2& and of density p, is floating 
with the side 26 yeitioal m a hqnid of density <r, shew that the 
eqnihbrinm is stable for a small angnlar displacement if 

6b* a ff* 


2, A uniform rectangular block, of sp gr. floats in water 
with one edge vertical If b be the length of the shortest honzontal 
edge and e that of the vertical edge, prove that for stabiliiy 


3 A oironlar cylinder floats with its axis horizontal in a hqnid 
of twice its own density , it is displaced m a vertical plane through 
the axis , shew that its equihbnum is stable if its height is greater 
than the diameter of its base 


4 The cone in Ex 3, Art 175, is floating with its vertex np 
wards , prove that the equilibrium is stable if 
p< 0 ^( 1 -COB* a) 


5, In a ship, of total displacement M tons and metacentno height 
h feet, a gun of mass m tons is moved a distance of { feet across the 
deck, prove that this will cause the ship to heel over through a small 

angle whose oironlar measure is approximately ^ . 


[The metacentno height is the height of the metacentre above the 
centre of gravity of the body, t e Oil m the figures of Page 82 ] 

6 In H M S Achilles, a ship of 9000 tons displacement, it was 
found that, when 20 tons was moved throngh a dutance of 42 feet 
&om one side of the deck to the other, the bob of a pendulum 20 feet 
long was caused to move through 10 iniflieB Shew that the meta- 
centno height was 2 24 feet 


[This example and the previons one shew how the metacentno 
height of a ship may be experimentally determmed ] 
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TENSIONS OF VESSELS CONTAINING FLUIDS 

176. Suppose a cylindrical vessel to be formed of some 
thin flexible substance, such as silk, and to be flUed with 
gas at a certain pressure whicb will be the same throughout 

Consider any length AB of the surface which is in the 
diiection of the axis of the cylinder It is clear that the 
pressure of the gas will cause a tension in the silk and, by 
symmetry, the action across AB must be peipendicular 
to AB. 



If Tis the total force that must be exerted perpendicular 
to AB to keep together the two parts on each side of AB, 
T 

then the quantity i e the force required per unit of 

length, is called the tension across A^'and is generally 
denoted by t 

If the silk be not strong enough to bear this tension t, 
it will be tom asunder. 

177. In many cases the total action on such an 
element as AB is not perpendicular to AB In tlnn case, 
m addition to the force just spoken of, there is a tangential 
action, or shearing stress, along AB We shall not however 
consider any cases in which this tangential action exists 



236 


HYDROSTATICS 


178 A vessel %n tlie form of a cireular cylinder, with 
its cans vertical, xs filled xoith liqxixd, find the tension at any 
point of it 

Let ABOD be the cylinder, and let PBQ, PHQ’ be 
two horizontal very near sections of the cylinder 

Since PF, QQ' are very small, the pressure at any 
point between the two sections may be treated as constant 
\=P Bay) 

Let t be the tension across PP, or QQ' •, it is clear that 
t will be the same at all points on the same horizontal 
section 



Consider the equilibrium of the semi-circular portion 
bounded by PF, QQ’ and the two semi-circles PRQ, FRQ'. 

It IS acted upon in a horizontal plane by the tensions 
t PF and t QQ' across PF and QQ' m directions per- 
pendicular to the plane of the paper, and by the resultant 
horizontal pressure on PFFQ'QRP 

This latter is, by Art 62, equal to the horizontal 
pressure on the rectangle PQQ'F, and thus 
^PQxPFxp 

Hence 2t PF =PQ xPFxp, 

PQ 

le t=p 

where r is the radius of the cylmder. 
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Cor If tho cylinclor bo lillctl with a g.is, the prcssm o p 
is prncticftlly eonsUmt throughout, rind tho relation /=j»r 
18 then true o\cn if tho axis of tho cylinder is not icitical 

179. A sph^nra! snrjuce of rnthu» r contains gas at a 
given prestttre p ; xf I be ih*‘ tension of the surface at any 
point, tben 2t=:p r. 

Tho tension t in constant by synimetry 

Taho any plane through tho centre of tho sphere and 
let it moot the sphere in tho ciiclo AG A'/) Consider the 
tquihbriuiii of the hemisphere AGA'Ji cut ofl by it 


T 



At every point of AGA‘ theio is a tension t acting 
perpendicular to tlio plane ACA', 

t X 27rr s= force perpcndicnlai to tho plane AG A' 

This must bo balanced by the resultant pressure m tho 
same direction 

Now tho prcssuio on a small element a of area at P 
pcippndicular to tho plane AG A' 

= o X p sill POA X a COB PTA, 

where 2*2’ is the tangent at P, 

=p X pt ejection of a on the plane ACA', 
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Siinilarly for every other such small element 
*. resultant pressure on ABA' perpendicular to the 
plane AC A' 

X whole projection of ABA' on the plane AC A' 
=tp X area AC A' =p x wr®. 

Hence t x 2;rr =p x ar®, 

%e 2i=p r. 

By a comparison of the results of Arts 178 and 179, it 
follows that if we have a cylindrical vessel and a sphencal 
vessel of the same radius, and containing gas at the same 
pressure, then the tension of the former is twice that of 
the latter Hence the former must be made twice as 
strong as the latter to withstand the same pressure 

180 In both Arts 178 and 179, when the surface is 
subjected to an mtemal pressure p and an external pressure 
II, we must instead of p read p — n 

181 When we have a cylinder made of a substance 
of small fimte thickness we must, m considering its strength, 
take into account its thickness also Thus, if we are given 
that a substance will bear a tension of r per unit of area, 
then in the case of a thickness c of the substance we have 

t = CT. 

Ex. The tensile strength of a metal is 16000 lbs per sq ttvA, 
find the fluid pressure per sq tneh that mil just burst spherical 
vessel of that material, its radius being one foot and its tiiichness 
^ inch 

Here t=.^x 16000 lbs irt 

Hence the formula 2t=pr gives ^ 

;)X 12=2x1600=3200 
p=^^=i266| lbs wt per square luoli. 



TBJSSlOirS OF VESSELS. 


239 


F.XAlVTPLy.S. XXXIV. 

< 1. Tvo boilers hare hemisphencal ends ; the radios of the first 
IS three tunes that of the second and it is twice as thick , find the 
ratio of the greatest pressures that they can mthstand 

2. A certain metal can bear 'a tens.on of 12000 lbs per sqnare 
inidi, find what finid pressure wonld just burst a cylintocal pipe 
made of it, the radius of the pipe being 6 inches and its thickness 
a quarter of an inch. 

3. A pipe 8 inches in internal diameter is used for transnutting 
water to a height of 200 feet If the metal of which the pipe is made 
will only bear a strain of 10000 lbs per sq inch, find the smallest 
thickness that the pipe can hare, the weight of a cubic foot of water 
bemg assumed to be 62^ lbs 

4. An india-mbher ball containmg air has a radius a when the 
temperature is 0° G. If the tension of the rubber is always times 
the square of the radius of the ball, find the radius when the 
temperature is l°G. 
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MISOELLANEOUS EXAMPLES. 

1 Tbo Bp gr of ICO IB *92 nnd thnt of sea wntor is 1*025 'WLot 
depth of water will be required to float a oubical ico-bcrg of side 100 
yards? 


2, A picco of wood, weighing a kilogramme, floats in water with 
^tbs of itB volume immersed, find the density and the volume of the 
wood 


3. A piece of wood, of sp gr is floating in oil, of sp gr 61, 
what fraction of its volume is immersed? 

4. A wide mouthed bottle, full of air, ib cIo<<cd by a well ground 
glass stopper, 6 oms in diameter, the barometer standing at 772 mm , 
what weight must the stopper have in order that it may bo just lifted 
if the barometer goes down to 7S0 mm , the temperature rcmaming 
unaltered? [1 o.a of mcrouty weighs 13 C grammes ] 

5, In the experiment of Archimedes, Hioro’s crown, together with 
masses of gold and silver equal in weight to the crown, were weighed 
in water in succession The crown lost -j^th of its weight, the gold 
and the silver In what proportion by weight wore gold and 
silver mixed in'tlie crown? 

6, A dosed cubical vessel, with sides one inch in thickness, is 
made of material whose sp gr is 2^^ If the vessel can float in 
water, diew that its internal volume must be at least 1000 cubic 
inches 


7. A body is composed of a hemisphere, of radius r, with a cone, 
of height 2r, on the same piano base In a liquid of density pj it 
floats with the whole body just immersed, and in a liquid of density 

with the hemisphere ]nst immersed , prove that Ptsfl pi. 

8, A cylinder, loaded so as to float vertically and weighing 
2 grammes altogether, just sinks m water when half a gramme extra 
IS put on its top, otherwise it protrudes 7 oms above the surface 
'What length will appear above the surface of a liquid whose dcnsify is 
five times that of water, if the ofhnder be set floatmg in it without the 
extra load? 

9 An empty balloon with its oar and appendages weighs in air 
1200 lbs If a cubic foot of air weighs ozs , how many cubic feet 
of gas of sp gr 52 times that of air must be introduced before it 
begins to ascend? 
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10. A glass tn^blet weighs 8 ozs ; its external radius is inches 
and its height iB 4^ inches; if it he allowed to float in water with its 
axis verliool, find what additional weight must be |)laced ih it to 
sink it 

11. A rod of cork 8 ins long and a rod of lignum vitra 4 ins long 
ore joined together to form a stoaight rod, one foot long, of uniform 
section When the rod floats in water it is found that it can rest with 
part of the cork above the water and its axis inchned at any angle to 
the vertical If the sp gr of cork bo 24, find that of bgnum vitie 

12. A piece of wood weighs 6 lbs in air, a piece of lead which 
weighs 12 lbs in water is fastened to it and the two together weigh 
10 lbs m water, what is the sp gr. of the wood? 

13. ' A body, of sp gr p, floats half immersed in a liquid, but is 
three quarters immersed in a mixture of equal volumes of the hquid 
and water. Negleotmg the atmospheno pressure, find p 

14. A retbrt, of 3 htres capaoity, and with its open end snb- 
merged S 4 oms below tho surface of water in a trough, is seen to be 
completely full of air on a certam day Next day the mercury 
barometer is observed to have fallen 2 oms. to 74 oms There being 
no change of temperature, how much of tho air originally in the retort 
has by this tune bubbled out? [Sp gr of mercury =13 6] 

15. The length of a barometer tube is 80 inches and its diameter 
half an moh, except lor one inch of its length where a cylmdrical tube 
IB inserted so as to morcase tho diameter of the tube to 3 inches. The 
bottom of the bulb is 27 inches above the mercury in the tank The 
lower half of the bulb, and the tube below, contain meroury, and 
the upper half of the bulb and the tuba above contams water. If the 
mercury barometer rises 6 moh, through what distance will the upper 
surface of tho water move, the sp gr of meroury bemg 13 67? 

16. A balloon is filled with a gas whose sp gr is .^,jth that of air 
at a pressure of 760 mm. of meroury Compare tho liftmg power of 
the balloon when the barometrio height is 760 mm with tlie hfting 
power when the height is 760 mm The temperature of the air is 0° G 
m both cases, and the volume of the balloon is unaltered. 


17. A sphere of radius r and weight vr^kw, where w is the weight 
of unit volume of water, is placed m and fits a vertical oylmder, of 
height h, which is open to the air at the top and closed at the 
bottom "When the sphere is in a position of equilibrium, shew that 
its centre is at a depth x below tho top of tho oylmder given by the 
equation 

x(H+h)=h(h-^y 

where H is the height of the water-barometer. 


L H. 


16 
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18 A vessel A oontams a quantity of liquid of sp gr p, and a 
second cask an equal quantity of liquid of sp gr «r, one nth part of 
each IB taken out and put into the other and mixed , the process 
IS repeated m tunes, shew that the final specific gravities are 

19. A oyhndrical vessel, of radius r and height h, is three-fourths 
filled with water, find the largest oylmder, of radius (<r) and 
sp gr <r, which can be floated in the water without causing any to 
run over 

20 A triangle ABG is immersed in a fluid with one side BG in 
the surface, find a point O withm the triangle such that if it be joined 
to the angular pomts the thrusts on the three triangles thus formed 
may he equal 

21, A nght oiroular cylinder contams liquid, a right sohd cone, 
the base of which exactly fits the cyhnder, floats in the hquid vertex 
downwards, if the density of the cone be such that its centre of 
gravity is in the surface of the hquid, find the ratio between the 
densities of the cone and hquid, and the distance through which the 
surface of the hquid will fall when the cone is removed 

22 A sohd hemisphere, whose radius is three mehes, is held 
under mercury with its base vertical and its centre 6 inches below the 
surface of the mercury Assuming the weight of a cubic mch of 
mercury to be w, find the direction and magnitude of the resultant 
thrust on the curved surface 

23. four equal uniform rods are joined together to form the sides 
of a square and the square is set floating vertically in a hquid If the 
density of the liquid lies between three and four times that of the rods, 
shew that the square can float with one corner only immersed and 
with neither' diagonal honzontaL 

24 from one arm of a balance hangs a largo bucket containing 
water, and from the other a weight W of sp gr t, which is entirely 
immersed in the water m the bucket and does not touch the bottom 
If there is equilibrium, and 'if W' is the weight of the bucket and 

2JJ'’ 

water, prove that <= and that the volume of the water is 

2W' 

not >jp — jp that of the weight W. 

25 A cyhnder is floating in a hquid, a hollow vessel is mverted 
over it and depressed so that the pressure of the air inside is increased 
from n to ni, what effect is produced m the position of the cyhnder 
(1) with reference to the fluid in the vessel, and (2) with reference to 
the surface of the fimd outside? 
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28 JS aa isoscdes tnangle, right-angled at A, composed ol 

two hesTj rods AB, AC hinged together at A and a stnng BC^rithont 
ijrej^t floats 'with the angle A immersed m water. Shew that the 

tension of thestnngis W where 2a=length of a rod, 2&=length 

immeised and TTswdght of each rod. 

27, A vessel contains layers of equal thichness h of different 
fluids which do not mix and whose densities are in a. p. cone, 
the length of whose «tris is 3ft, floats m eqnihbriom (1) with its 
veriei downwards and its base in the upper surface, and (2) with its 
vertox upwards and its base in the surface between the eecond and 
third hquids Shew that the densities of the cone and the liquids are 
m the ratio of 31 : 30 : 33 ■ 36. 


28 A circnlar cylinder, whose height ia h and whore sp gr. is 
is partially immersed m water 'with its ans vertical, being hdd np by 
an dastic string which has one end attodied to the middle point of 
the upper base of the cylinder and the other end attached to a pomt 
vertically over this middle point. If the nnstretched length, a feet, 
of the string he just sufScient to nllow the lower end of the tylmder 
to tonch the water, and the coefncient of elasticify he n times the 
weight ol the cylmder, she-w that tiie dep'h to whiw the (yliuder is 

immersed is 


29 A cylmdneal diving bell of volnme 450,000 cnb. ems is 
lowei^ into water to a depth of 1700 ems and it is then fonnd that 
an addition of 750,000 cnb ems at atmospheric pressure is required 
to fin tha bdL Find the height of the water barometer and the 
pressnre on the snrbce of the water inside the hell in dynes per sq 
cm., the value of g being 9S0 


30 A U-tnbe with its legs vertical and at a distance c apart 
contains mercury and is whirled roond one of the legs as axis 'with 
uniform angular velocity u, the cross sections of the legs being Ci and 
Cf. Shew that the mercury in the revolving leg wj will rise above the 

mean level bf amount — 

2g 


31. If a man of weight w stands at the middle of a nniform 
plant, of wei^t W and of length o and thickness 6, which is floating 
in water, it is found that two-thirds of the volnme of the plftTii- 
immersed- Shew that he can walk the whole length of the plank 
without any part of the upper surface becommg immers^. nrovided 

that^isnot>^^^^. 


16—2 
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32 hollow cono floats with its vertex downwards m a 
oylmdrical vessel containing water In the position of cqmlibnum 
the area of the circle, in which the cone is intersected by the surface 
of the fluid, bears to the base of the cylinder the ratio 6 19. If a 
volume of water equal to -^ths of the volume originally displaced by 
the cono be poured into the cono, and an equal volume into the 
cylmder, shew that the position in space of tho cone wiU be unaltered 

33 At a place where tho height of the water-barometer is 84 feet 

and tho temperature of the air is 0°C , n diving bell, of capacity 
84 cub foot, and which is onginall} full of air at atmospheric 
pressure and temperature, is lowered into water at 7° G till its lower 
edge IS 17 feet below tho surface How many cubic feet of air at 
atmospheric pressure and temperature must be pumped into tho bell, 
BO that when the contamed air has acquired tho temperature of the 
water it may just fill tho bell? ] 

34, A cylindrical di^g Sell is lowered mto water , neglectmg the 
thickness of the beU, draw a curve showing how the tension of the c^ain 
vanes, startmg from tho position in whi^ the bdl is }nst immersed 

35 A diving bdl is in the form of a eyhndcr surmounted by a 
hemisphere, e is the length and a the radius of the cyhnden Pind 
how far the bell must be sunk so that tho hemisphere is the only part 
oontoming air, show that in this position the volume of air at 
atmospheric pressure that must bo forced in to clear tho whole bell 

from water must be times the volume of the bell, JET bemg 

the height of the water-barometer 

36 A bent tube, of small uniform boro, consists of two straight 
legs, of which one is horizontal and closed at the end, and the other 
18 vertical and open If the horizontal leg be filled with mercury, and 
the tube revolve about a vertical axis through the closed end with 
angiflar vdooity u, prove that the mercury wfll nse to a height d in 

the vertical leg, such that where I is the length of tho 

honzontal leg and h is the height of the mercury barometer Shew 
also that the mercury will not nse at all, unless u^P>-2ffh 

37 Some hqmd occupies a portion of a circular tube, of radius a 
and small cross section, and subtends an,angle x-t-d at the centre 
The tube rotates with uniform angular veloci^ u about the vertical 
tangent, and the hquid then just reaches the highest pomt, prove 

that aw* Ptan |-Bin*£]=p 
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38. A sphencal vessel contiuns a qnantity of water whose volume 
is to the volume of the vessel as n® It prove that no water can escape 
through a small hole at the lowest point if the water revolve with an 


angular velocity whoso square is not less than 


r(l-n)’ 


where r is the 


radius of the vcssoL 


39. Liquid IS rotating in a cylinder, of radius r, whose bottom is 
closed hy a conical surface of semi- vertical angle a, the vertex bemg 
downwards. Show that the pressure at the surface of the cone is 
least at a pomt distant cot a from the axis, whore I is the latus 
rectum of the free surface, provided that f<2rtana 

40 . A hollow cone, vortex upwards, is three quarters full of water, 
and IS set rotatmg about its axis, which is vertical, with an angular 

velocity where a is the semi-vertical angle and h is the 

height of the cone Shew that the thrust on the base is to the weight 
of water m the vessel as 10 * 3 

« 

41- An ^elliptic tube half full of liquid revolves about a fixed 
vertical axis' in its plane with angular velocity u, shew that the 
angle which the straight lino joinmg the free surfaces of the liquid 

makes with the vertical is tan“^ ^ distance of the 

mds from the centre of the ellipse 


42. A hemispherical bowl, of radius a, is full of water which is 
stirred by the hand till the whole has acquired a uniform angular 
velocity about the axis of the hemisphere Find this angular velocity 
supposing half the water has been spilled 


43. A right cone of semi-vertical angle a is just immersed with 
its slant side, of length I, in the surface of a liquid. Shew that the 
resultant thrust on the curved surface wiU cut this slant side at a 
31 

distance from the vertex, and find the magnitude of this 

thrust 


44. A hemisphere, of weight w and sp gr c, fixed at a point 
on its nm, is loaded at another point, at the distance of a quadrant 
measured along the nm from the former, with a particle of weight mo, 
and the whole is completely immersed m liquid Fmd the inohnation 
of the plane of the Base to the horizon 
* 1 

If ®'=-rT:r» prove that the inohnation is cos-r— 1- . 

V73 
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45 A Qomoal ^ell is divided by a plane through its axis into two 
halves, whioh are hinged at the vertex, and stands on a smooth table. 
If water can be poured m through a small hole at the vertex till the 
cone IB quite full, prove that the ratio of the weight of the water to 
the weight of the shell must be less than each of the firaotions ^ and 
4 sin^a 

“9“' 

46 A hemispherical shell is floating on the surface of a liquid, 
if the greatest weight &at can be placed on its nm be n times the 
weight of the hemisphere, shew that the ratio of the weight of the 
hemisphere to the weight of the hqnid it could oontam is 

(l-ama)>(2+sma) . 2(n-f 1), where tana=s2n 

[N B The volume of the portion of a sphere of radius a which is 
out ofl by a plane at a distance x firom the centre is ^ (a - s}* i2a+x) ] 

47. Given the height h of the water-barometer and the sp gr c 
of merotuy, find the height at wbioh a mercury-barometer will stand 
in a diving-bell with its top at a given depth a of water. 

How will this be aSected if a block of wood be floated inside the 
boll, (1) if the wood comes from outside, (2) if it falls from a shelf in 
the intenor? 

48 A diving-bell stands on the floor of a dock with a height h of 
its upper part occupied by air Tho weight of the bdl is equal to the 
weight of water that would fill it to a height a Shew that, as it is bemg 
hauled up by the chain, it will become buoyant at a certain stage and 
rush up to the surface, if the ratio of the depth of the dock to the height 

of the water-barometer exceed ^ - 1, where a is the density of 

a p fl 

water and p that of the iron of which the bell is mode. 

[The height of the bell, and hence also h, are to be considered as 
small quantities compared with the depth of the dock and the Wght 
of the water-barometer ] 

s 49 A body floats at the surface of water, the volume of the part 
not immersed being cA; a diving-bell, of height b and cross section A, 
is placed Over it and lowered till the top of the beU is at a distance a 
below the surface of the water The volume of the part of the floating 
body now not immersed is (c +ycr) A , shew that y is the positive root 
of the equation 

h7“+c (ft - a - c) 7- c® (tt 6) =0, 

uhere ft is the height of the water-barometer and c is the sp gr of 
the air, supposed small 
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50. A stroiRlit tal) 0 , mal..ing an angle a vatli the vertical, la filled 
with hqnid of density p, and rotates with angular velocity u about a 
vertical axis through its lower end which is closed. If the atmosphenc 
pressure is n, prove that the greatest length of the tube so that no 

hquid flows out is 

ppcosa+wBinc^/flllp 
w®p ain’a * 

[The pressnro must not bo negative at the point where it is least ] 


51. A solid cylinder floats in water in a cylindrical vessel, and 
the system rotates about the common axis of the cylinders with 
angular velocity u If JR, r bo the radii of the vessel and cyhndcr, 
prove that the i^linder is depressed by the motion through the space 

47 


52 The embanhment of a rcscnoir is composed of thin hori- 
zontal rough slabs of density p, whose cocfllcicnt of friction is /t The 
top of the embnnhmcnt is a feet wide, and the side in contact with 
the water is vortical and na feet deep. Shew that the slope of the 
outer Bide to the horizon must bo leas than either of the angles 





53. Express the pressure of the atmosphere in absolute units 
when a yard, an ounce, and a minute are the fundamental units, 
given that the height of the barometer is 80 inohes, that the sp gr. of 
mercury is 13, and that a cubic foot of water weighs 1000 ounces 

[N B The dimensions of the unit of pressure are 1 m mass, — 1 in 
length, and -2 m tune ] 


54. If the attraction of the Earth at a depth z below the surface 
were a+bz, prove that the pressure at that depth m water would bo 
p(a*+^bz*) where p is the density of water. 


55. A cylindrical block of wood of length I and sectional area a 
IB floating with its axis vertical in a lake If it bo pushed down very 
slowly till it IB just immersed prove that the work done is 





where p, <r denote the densities of water and wood respectively. 
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56. A oylmdrical piece of vrooi of length I and sectional area a is 
floating with its axis vertical in a cyhndncal vessel of sectional area A 
which contains water, prove that the work which is done in very 
dowly pressing down the wood till it is jnst completely immersed is 

where p, <r denote the densities of the water and wood respectively 

57. Shew that a thin uniform rod will float in a vertical position 
in stable equilibrium in a liquid of n times its own density if a heavy 
particle be attached to its lower end of weight greater than tJn-1 
times its own weight 

58. A cone, whose vertical angle is a nght angle, of sp gr ^ and 
weight IT, floats in water with its vertex downwards If a weight w 
(very small compared with W) be attached to a point of the nm of the 
base, prove that the circular measure of the angle at which the axis is 
inchned to the vertical is veiy nearly 

4 10 

59 A hollow circular cylinder, of radius a and height h, floats in 
a liquid of density p and is filled to a height 7»' with a hqmd of 
density v, if its weight be niraVtp, find the condition of stability 

60. Find the corresponding condition for a hollow cone of height 
h and semi-vertioal angle a, floating with its vertex downwards, if its 
weight be ^w/mh^taa^a. 



APPENDIX. 


The Student who is acquainted with the Integral 
Calculus, and the methods of finding the centre of gravity 
of bodies by its use, or of finding the centre of action of 
parallel forces, may determine the position of centres of 
pressure in the way shown in the following cases 


Kectangle. In the figure of Art 166, let 
and let AfAf+j he a small increment dx of x Then the area 
AfDr^.! is ax dx, and since the pressure on each point of it 
is practically the same and equal to wxx, the thiust on 
this element is aioz x dx. 


Hence, as in Statics, Art 111, and by the principles of 
the Integral Calculus, 


_ _ 2 atoxdx X X 
~ 2, atoxdx 


fi 

I aws?dx 

Jo ' 

rb 

I atoxdx 

J «U 



Triangle with its vertex in the surface and base 
horizontal. In the figure of Art. 167 let ADr=x, and 
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let be a small increment dx oi x Then the area 

*8 proportional to BfOr x 2),.Z>r+j. 

Also BrOr=BCx^^=^xx, 

'where AD = k Hence in the limit the area of BrCr+i is 

proportional bo-^xdx Also the pressure on each element 

of BfGr+i is very nearly equal to that at !)„ and is thus 
proportional to w ax Hence the thrust on the element 

€L\O0^ 

BfCr ^.1 is proportional to x dx. Therefore, as in Stattes, 
Art 111, and by the principles of the Integral Calculus, 


«=> 


^ a?dx X X 

S~aPdx 

k 


/: 


a?dx 


“ 7T 


/: 


a?dx 


LsJ. 3 


Triangle with its base In the surface In the 
figure of Page 194, let DR=x and lot RS be a small 
increment dx oi x Then, if DA=:Jf, wo have 


PQ=^BC 


AR 

AD 


a 


h-v 

k ’ 


so that the area of PU is proportional 'to a 
limit 


dx m the 
k 


As in the last case the pressure at each point of Pt^is 
very nearly that at R, and is thus proportional to tv ax 
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Hence, when dx is veiy small, the 
-a 

F 


^ JK 

proportional to a — r- daa x wx 


thrust on PU IS 


Hence, as before, 




k~x 


w x.dxxv 


X — 


_ k — x , 

2a — ; — to T . a® 







< f 

.Circle mth its centre at a depth h below the 
surface and its plane inclined at an angle a to the 
horizontal 


Take an element of the cade bounded by two hoiizontal 
lines at distances x and x + dv fiom the centip The area 
of this element =f/dx = »Ja‘—ttPdx, where a is the radius, 
and the thrust on it 

= *Jar—aP dx x (A + ^ sm a) to 

Hence, as before, the distance of the centre of pressure from 
the centre of the circle 


/ +c 

va® — ar* (7t + w sin a) wdx 

-a 


X X 


r+a 

I •Jd‘ — 't?(k + xsma)iodx 

I {ha cos 6 sin® 6 + a- sin a cos® $ sin® $) dd 

fir ’ 

I (/t sin® d ^ a sin a sin® 6 cos 6) dd 
Jo 



252 


APPENDIX 


on putting as = a cos 0, 


ha cos 6 sin® 6 + ^ 40)j-e?0 


— cos 20) + a sin a sin® 0 cos 0|cZ0 


0 


A /I Of sm tt • j />' 

|-sin''0+ — g— (0-^ sin 40 


o: 


(0 - J sin 20) + sin* 0j 


a- sin a 


S 


a® sin a 


h 4A 

2 

This agrees with the result o£ Ex 2, Pago 61. 


Tlie result of Art 119 may bo moie easily obtained by 
the use of the Integral Calculus 

Let p be the pressure at a height x,p-{- that at height 
a; + Air, wheie Aic is small, and p the density at height a, so 
that p — kp (1) 

Then, consideiing the equilibrium of the element Aa of 
a thin column as in Art 119, we have 
^ =p + A^i +gp^x 

[Foi this element is pressed upwards by p, and down- 
wards by p + Ap ] 

Hence, cancelling and proceeding to the limit, we have 



Hence, by (i). 


dx 


. f* 

P ^ 


log p = — I -B + a constant G 


(2) 



APPENDIX. 253 

But when a = 0, p = pi. 

.. logpi=-^ 0 + C . -(3) 

Subtracting (3) fiom (2), wo have 

log^=-i X, te p = pi e~/- 

°Pi k 

This 18 the result of Ait 119, and gives the density at 
any height x. 




AJSfSWERS. 


I. (Page 12.) , ^ 

1. 156 25 kilos 2. SBlbs^H 3 2||lbs wt 
4. 7 1 5. 3^1bs -wt j ^*^7r=1091^ tons wt 

7. 144 lbs. "wt per sq incb. 

128 

8 — = 40^ lbs wt poi sq inch. 

, 9. 80 lbs irt per sq inch. 

IL (Pages 17, 18,) 

I 062Jlbs Tvt’ 2. 4 629 . 3 135 98 lbs wt 

4. 13600 grammes wt 5 26 6. l|f|.oub. ft 

7 Its volume is increased by 1 153 cub cms. 

8 5 72 , taking 7r=-^. 9. ittt sq m. 

10 6^ 11 015625 cub. metre, 12. 8 721 

13 49-9... 14. 16. 

HL (Pages 21, 22.) 

1. 1 3 2. 9668 .. 3. -816. 

4. 15 ozs 6, -fcub ft 

6 342 cc and 110 cc. 7. i (pi +>a + Spa) 

8 6 and 2 9. 9376. 10. 

II ^(s- 8 i)( 82 —s') = (sa-s){ 8 '- 8 i), and 
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IV. (Pages 34^36.) 

1 2291|lb8 wt 2 196 84 ft 3 7fft 

4. 36 864 ft 5 4 miles 1561 6 yds 

6 2833 J lbs. wt 7 98 ft. 8 64 ft 

g 14^ 10 16 45 11 36 77. • metres 

12 73 65 oms 13 102000 

14 19 34 lbs wt , 2306 6 lbs \rt 15 16|. 

16. 2021 04 grains wt 17 Iffy 

18 14 9556j5ub ins 23 ^n(n+l)ffph 


V (Pages 41—45.) 


1 750 lbs wt 2 162f|lbs wt 

3 67500 grammes wt on the upper face, 94500 

grammes wt on the lower face, 81000 grammes wt on 
each vertical face 

4. 320 lbs wt 6 104Jf tons wt. 

6 5062 5 grammes wt 



18 


29561 7ir grammes wt 


15066ff tons wt 

f If lbs wt per sq m ; ^®^7r = 21f|.lbs wt 
It dmdes the vertical sides in the ratio ^2 + 1:1 
1 2 kilogr wt 12 1971 8 lbs wt 

615|lb3 wt 14 6f ft , l|ft 
1250 and 1312^ lbs wt respectiv6ly> 17. 9 ft 




AlfSWEJlS 
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19 25 332 ft 31 ahio [c + ^6 cos 0], 

22 wo* w [o + M cos 0j. 

27 The required line is AX, where X is on J?C and 
I}X=3ffC. 

28 If flj be the depth of the point in which the dividing 
line cuts a vertical side a of the square, then 

2a:®— Go®a: + o*s=0 


29 Divide the horizontal diameter into equal parts, 
ordinates to it at the points of division will divide the arc 
of the semicircle at the required points 

30. If a be the depth of the point at which the dividing 
hno cuts OJS, and a and /3 be the depths of A and JB, then 
2a:!* + 2aaj — ^ (a + /3) = 0 


35 The depth of the plane is m the first case, 
and is ^ in the second case, wheie A is the height of the 


cone. 


VL (Page 47.) 

2 It must be half filled 3 20§- lbs. 

Vn. (Pages 63—55.) 

1 16 9. 3 3 :1. 4 (|+2).rtai. 

7 TTT'»r lbs. wt, 

u n. 
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Vin. (Pages 58, 59.) 




at taii“’ ^ to the hon- 

Oih 


1 ' va^hw, wa^to ^ 
zontal 

2 rhJi'w, where h' is the height of the cone and r the 
radius of its base 

3 \rl?w 

c^htjo 

4 — through the centre at an ^ 

2 4 

to the horizontal 

5 At an iL tan"*-=^ to the horizon. 

on 

7 ^ahwjf^a^ + 4A* 


IZ. (Pages 63, 64.) 


3 tan“^ 

4L IF (1 + 3 sin® a) , SIFsmacosa, where 2o is the 
vertical l of the cone and IF is the weight of the contained 
water 

7 3 IF tan a cos* (a + fi) , 

F" [1 + 3 tan a sin (a + )3) cos (a + )8)] 

JTs 

8 at an angle tan~*|- to the horizontal 

through the centre of the hemispherical end, a being the 
radius of this end 
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1 

4. 

6 . 

8 . 

14 

15 

18 

20 

28 


X. (Pages 67—70.) 

2^^;^ cub ft 2 3 Jibs 8 50 cub cms 

4, 00053 6. 46Y^^cub inetxes 

31J171 cub cms. j 8 661 7. 257^ ft 

*726 inch 12 25. 13 4fins 

There is a cavity of volume 1 cub cm 
463:^ cub ms 16. 2 3 17 


3 ha + ca-¥ab 
a + 5 + c’ 3a&c 


19 30 lbs 


900 cub ins . , 10 ms 




5 y*. 


XI. (Pages 71, 72) 

1 50065 2. f cub m 3 13 6064 . 

7Yl 4 > 1 

4, 407 618 6 It will sink 7. n = — ^ — 

9 The new depth of immersion is to the ongmal depth 
as 3935 3948. 

Xn. (Pages 75-77.) 

1 (1) 12 lbs wt , (2) 6 lbs wt 3 37380 37249 

4 97-^ lbs wt , 146 lbs wt. 5 18 5. 

6 15 giammes wt 7. 2 • 3. 

8 The piece of wood, 9 6 

10 -The first is mcreased, and the second diminished, 

by a weight equal to that of the water displaced by the 
body 

12 2 cub ms ; lbs wt. 

13 7U lbs wt , 66 lbs wt 
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Xm. (Pages 78, 79.) 

1 90 grammes’ wt 3 6 lbs "wt, 

4. 1580000 grammes 5 II 47 OZ vrt 

6 -i^g. 7. 

XV. (Page 84.) 

4 ( 1 ) ( 2 ) r, where r is ibe radius of the 

common base 

I 

XVI. (Pages 87—90) 

3 i-j i 

10 It rises through a distance ^ 

((Tx-o-aXo-i-o-,) 

17 19 . 7 . 18 

tTj + 0* O-g + O-j ffi + O-j 

20 

22 126(r.sm^d(6cosd— asind) 

= 4o® cos 0 (2 — cos® 6) — 6ao + 3c* cos 0 


XVII (Page 95.) 


1 

75 

2. 7864 nearly. 3 

7 ® 

'TF 

4 

2 0468 . 

5 





xvm. 

(Pages 100, lOL) 


1 

1626 

2 3. 

3. 2^ 4. 

865. 

5 

12 

Ttr 

6 1 

7 I 8 . 848 


9 

9413 neaily 

10 1 841. 11 

16.^ 

12 

9 

13. 

87 , 60 cub cms 


14. 

30 grms 

wt. , 2 . 

15 6 16. 

1 1 

ItT- 

17 

lbs 

, 6 ^ lbs 

of gold and 1 |^ lbs 

of silver. 
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ZIX (Pages 108—110.) 

1. 3 456, 3 14iS and 2 88 2. 1 03 

4 1 0947 - 5 1-j^ cub cms 


6 ^ ins 


6 


501O--1 
the bulb 
7 906. 


, where o- is the sp gr of the substance of 


10 




8 

11 


10 13. 
26 


12 


9. 

8 . 


18 19 
13. 21^ oz. 


XX. (Pages 111, 112.) 

1. 27 2 2 6 inches 

3 At the bottom of the vertical tube containing the oil 

4. 1 7. 6 14 9556 cub inches. 6 77 

XXI (Page 126) 

1. 1169 256 cms 2 929082 grms wt, taking ttss^ 

3 1^, the height would be lessened by a distance x, 

such that the weight of the raeicury in a length x of the 
tube would equal the weight of the bullet This assumes 
that the bullet fits the tube exactly If it floats in the 
mercury, there would be no alteration in the height. 

4. 2 623 cms 5 l-^^; inch 

XXn. (Pages 135—138.) 

1. 001292 2 An increase of 8^ grams wt. 

3 ^31 5 feet 

4. Till the level of the water inside is 2h feet below 
the surface of the water, 7h 

5 32 76 ft 6 63 cms. 

8 The pressures on the two faces are 66J and 22J lbs. 
wt per square mch , 8 inches 

9. (1) It would float , (2) it would aiuk 


17—3 
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10. 34*4 lbs ^wt nearly 13 7 5 , 30 ft 

15 ^moh 16 ^32 inches. 19 150 lbs wt 

g 

20 ooT — jjqo ft > "wbere h is the height of the water- 

tj2/^ + «oo 

barometer in feet. 


XXm. (Pages 141, 142.) 

1 (1) 94 84 cub cms , 7 90, cub ft. 

2 cub inches 3 10 cub inches 

4. 429 . 224 7 2870000 nearly. 

XXIV (Pages 149—151.) 

2 ^ cub inch 3 6 inches 4 29 98 inches 

5 32^ inches 

7 That due to 63 J inches of mercury , 10^ ins 

8 30 inches 9 84 2952 grammes weight 

10 29 9 inches 11. -j-TTr* 

XXV. (Pages 156-160.) 

1 3 46 atmospheres, nearly 2 1|- ft, 

3 14^ ft 4. 20 ft , 132 t!V cub ft 

5 500 cub ft 6 The quantities are as 3 2 

7 .The depth of the top of the bell is 3 inches, the 
height of the water-barometer is 33 ft 

8 33J ms , 3 ft 9 ms 9 It remains constant 

12 The air will flow out 13 — approx. 
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IX 


14 33 feet 

15 ^ hero h is tho height of the water-barometer 

2 6 

and a that of the bell. 

16 (1) (2) where 

or is the sp gr of mercury. 


XXVI. (Pages 172—174) 


1 

2 

5 


7. 


g. 


The height vanes from 31*73 to 35*lS feet 
42 ft 1 in 3 33 ft 4 ins 4 80. 

It will 6 2 feet, 32- 16j>y2=9 37 feet nearly 

8680|lbs wt 8 260^ lbs vft. 


625ir 

8 


lbs wt j 


3l257r 

8 


lbs wt 


10 Aw. GL BL, with the potation of Arts. 128 and 130. 

11 40Tr kilogrammes weight; COOtt kilogrammes weight 

13 2|feet 14 No; 25 J ft. 


XXVn. (Pages 183—185.) 

I 3': 1. 2 They are as 9“ . 10*. 

4 The final pressure is to the original pressure as 
10® 11®, ie. neaily as 10 21. 

5 W®} (2)'8. 6 4. 7. 8^ ms. 

9 Between 37 and 38 10 20. 

II 22 13 ‘ 

14 One quarter of atmospheric density. 
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XXVm (Page 189.) 

1. 34 feet 2. 22 ft Sms. 

XSEL (Pages 199, 200.) 

3 ccto 
7 3 6 :4 


XXX. (Pages' 203, 204) 


6P + A»-4AA! 
2 (3* -A) 


6A*-8AA + 37i» 
2(3A-2A) 

1 7tS 
8 A + 8 


XXXI. (Pages 208—212.) 


2 

4. 

7 


ar' + ay + y* + 2A(a;+y) 

2(x + y+ 3A) 

Its depth IS ll- tunes that of the centre. 


7^3 

20 


a, where a is the length of a side. 


XXXII. (Pages 222-227) 




4. pp [A — ^ (a* - ^)] at a distance y from the centre 


as aii>^^2g 


-- IT to®a* 2ir a®ci)* — 2o* 

“ 4 T"T 


, according 


2 

4V o’ 


21 



ANSWERS 


XI 


XXXIV (Page 239) 

1. 2:3. 2 500 lbs per sq. in. 

3 inch 4, a [1 + a<]l. 


MISOELLAMEOUS EXAMPLES (Pages 240— 248) 

1. 89|^ydB 

2 6 grammes per cub cm , 1666§^ cub cms 

3 4. 357ir grammes 5. 11 9. 

8 29 4 cms 9 32000 cub ft 

10 ^^-8 = aboutl0 4oz3. 11 ,132 

12 75 13 1 6. 14. - 5 ^ of the original amount 

15. 6 05 inches 16 337 342 


19. Its height = -s— . ^ 

® Tj (T 4 * 

20 If i? be the middle point of BO, then 0 lies on DA 
and DO = -^,DA 

9A. 

21 27 • 64 , where h is the height of the cone 

22 18»M;.yiO at tan~* ^ to the horizon 

25 (1) It rises , (2) It falls in general 

29 1020 cms , 2665C00. 33 38 85. 


As- 
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43 ^ wP sin® a cos a ^1 + 3 sm® o 

U 

HL tan-’[| Vl-2\m + 2X^®] , where \ = . 

47 i [a + X + J[a + A)® + 4A6], with the notation of 

aCT 

Art 123 , (1) it rises, (2) it falls 
53 11232 X 10®, taking j = 32 

59 2 {nhp + h'<r)->p(r (27*'® + a®) + p® (2n7*® - a®) 

60 (nh*p + h'^aY > p [/I'V + ^7i.®p cos® a]® 


CAMrniD)!: inl^*M•&TJ a fritcc.jtA. at tuc t*?ivrRsiTT rtvESS. 



